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W econsidera…nancialmarketwherebasicriskfactors aregivenbyamultidimensional
geometricB rownianmotion. InaM onteCarloframeworkweempiricallyinvestigatethe
problem whethertherearesubstantialdi¤erences calculatingVaR when assumingthat
thereturnsoftheriskfactorshaveazeromeanorwhenusingtheestimatedmean. T he
portfoliosunderinspectionconsistofseveralassets includingputsandcalls. W eseethat
therearesigni…cantdi¤erences.

1 Introduction

T herequirementofmeasuringriskthatisduetochanges intheeconomicvalueof
aportfoliooftradedassets is raisingwiththegrowingvolatilityin…nancialmar-
ketsandtheincreasingcomplexityof…nancialproducts.O nesuchwidelyusedrisk
measureisValueatR isk(VaR ).1 ValueatR iskisthatlossduetodecreases inthe
marketvalueofagivenportfoliooveraspeci…edtimehorizonthatwillnotbeex-
ceededwithagivenprobability, seeP icoult(19 9 8).T heuseofVaR isnotrestricted
toquantifyriskforinternalpurposes.Itcanalsobeappliedintheassessmentofreg-
ulatorycapitalofmarketrisk: W henusinginternalmodelstoquantifymarketrisk,
regulatorycapitalis - undercertainrestrictionsgivenbyregulations - proportional
totheVaR , calculatedwiththeinternalmodel.

D i¤erentmodelsforcalculatingVaR arepossible.O neconceptisthemethodology
R iskM etrics2 developedby J.P. M organ. In R iskM etrics (19 9 6) itis basicallyas-
sumedthatreturnsofthebasicriskfactorsareconditionallynormallydistributed3

withzeromean.N owconsideraportfolioconsistingofexactlyoneasset, thereturn
ofwhichisnormallydistributedwithmean¹.¹ isorisnotequaltozero.Calculating
VaR underconsiderationof¹ willresultinasmallerVaR i¤ ¹ > 0 .

Inthepresentpaperweexaminethequestionwhethertherearedi¤erences inthe
valuesforVaR formoregeneralportfolios, whenVaR iscalculatedeitherunderthe
assumptionthatthereturnsoftheriskfactorshaveazeromeanorwhenusingthe

1 A detailedworkonVaR isforinstancethemonographyofJorion(19 9 7 ). A shortintroduction
isgivenbySmithsonandM ynton(19 9 6).

2SeeR iskM etrics (19 96).
3T heyarenormallydistributedateachpointintime.
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estimatedmean¹.W eexamineportfoliosconsistingofseveralassetsincludingputs
andcalls.4 T hebasicriskfactorsaregivenbyamultidimensionalgeometricW iener
process.5 W iththehelpofM onteCarlosimulation, wesimulatethedevelopmentof
riskfactorsandcalculatecorrespondingchanges inthemarketvaluesoftheassets
andderivatives.W ewillseethatthereareremarkabledi¤erencesincalculatingVaR
includinganestimated, non-zeromean ¹. W ewillalsoseethatitis dependenton
theportfoliowhethertheinclusionofanon-zero¹ willresultinahigherorasmaller
VaR .

T hepaperis organizedas follows: In Section2 webrie‡yrecallthebasicconcept
underlyingVaR . InSection3, thesimulationprocedureandthetestwehaveused,
theW elchtest, areintroduced.W epresentthebasicriskfactorsandtheirparameters
intheassumedlognormalmodel.T heresultsarediscussedinSection3.4.

2 TheConceptbehindVaR whenU singSimula-
tion

Foragivenportfolio, VaR measures thatloss thatisduetochanges intheprices
oftheportfolio’s assetsoveraspeci…edtimehorizonT. U sually, basicriskfactors
areselectedwhichdeterminethevalueoftheportfolio. D enotetheriskfactorsby
X 1;:::; X n , n 2 N , andthevalueoftheportfolioby (Vt)t2[0 ;T]. Eachassetis a
functionfi(X j;j= 1;:::;n)oftheseriskfactors.T heportfolioV canthereforebe
writtenasasumoffunctionsofX 1;:::; X n :

V =
P

iwifi(X j;j= 1;:::;n);

wherewidenotes theportfolioweightofthe ithasset, andthesum is takenover
thenumberofassetsintheportfolio.D i¤erentobservationsforX 1;:::; X n attime
T willgeneratedi¤erentvaluesoftheportfolio, sayVT(!), ! takenfrom thestate
space .U singtheempiricaldistributionfunction

F(x) = 1
j j

P
! 1fVT¡V0V0

(!)·xg

4Tocomparedi¤erentconceptsforValue-at-R isklimits, B eecketal.(19 9 9 ) considerportfolios
consistingofonestock, distinguishingbetweenanon-zeroandazerodrift, too.

5W emadetheassumption ofconstantparameters as wedonotfocus on thecorresponding
dynamicalproblem.
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withcorrespondingprobabilitymeasurePF , thepotentialrelativeloss inT which
willnotbeexceededbyagivencon…dencelevelcanbedetermined: G iven p > 0
determinec2 R suchthat

PFfVT¡V 0V 0
·cg·1¡p:

¡V 0 ¢cistheVaR oftheportfolio.6

U singM onteCarloSimulationforCalculatingVaR

InthefollowingwefocusonM onteCarlosimulationontheassumptionthatmarket
factorsarelognormallydistributed, awidelyusedassumptioninriskmanagement.
N everthelessthefollowingstepsapplysimilarlytootherdistributions.Calculating
VaR inaM onteCarloframework7 consistsofthefollowingsteps:

²Chooserelevantmarketfactors.

²Specifytheparametersoftheirjointdistribution. O ntheassumptionoflog-
normallydistributedmarketfactors, n drifts and n(n¡1)

2 correlations haveto
beestimated.

²Transformindependentnormallydistributedrandomvariablesintoasequence
ofcorrelatedrandom variablesaccordingtotheparametersestimatedinthe
previousstep.

²Simulatevaluesofthemarketfactors attheendoftheholdingperiodT in
accordancetothespeci…eddistributionandevaluatethenewportfoliovalue.

²Chooseacon…dencelevel.

²CalculateVaR foragivencon…dencelevelp byusingtheempiricaldistribution
functionofthesesimulatedportfolio’svalues.

6SeeforinstanceJorion(19 9 6).
7 A detaileddescriptionofcalculatingVaR byM onteCarlosimulationisgiveninP icoult(19 9 8).
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3 TheImpactof aD rift

3.1 TheSimulation

In oursimulationweconsiderdi¤erentsecurities includingputandcalloptions.
B asicriskfactorsarechosenwhichareassumedtobejointlylognormallydistributed
withparameter

Case1 ¹ = (¹ 1;:::;¹n) andcovariancematrix§:

Case2 ¹ = 0 andcovariancematrix§:

T hatis, thelogarithm oftheriskfactorX i is givenbythestochasticdi¤erential
equation

d ln(X i) = ¹id t+ ¾id B i
t; i= 1;:::;n;

where(B 1;:::;B n) denotesan n -dimensionalcorrelatedW ienerprocesswithcor-
relations accordingtothecovariancematrix § ; and ¾ 2i = § ii is the instantaneous
varianceofln(X i). T hedynamicsoftheriskfactorX iaregivenbythestochastic
di¤erentialequation

d X i= (¹i+ 1
2 ¾

2
i)X id t+ ¾iX id B i

t; i= 1;:::;n:

Itisverycommontorefertoe¹i= ¹i+ 1
2 ¾

2
iasthedriftoftheriskfactorX i.O nthe

otherhandtheparameter¹i is thedrift8 ofthelogarithmicprocessln(X i). W hen
usingthetermszerodriftandnon-zerodriftwewillinthefollowingalwaysreferto
¹:

In the second case underconsideration, ¹ is assumed tobe zero. T herefore the
covariancematrixdi¤ersfromthecovariancematrixinCase1, formallyoneshould
write§ (¹).9 Inthefollowing, wewillneverthelesswrite§ and¾ forshort.

B y varyingthe portfolioweights oftheunderlyingassets, wegeneratedi¤erent
portfolios. W ith thehelp ofM onteCarlosimulation, we investigatehowVaR of
eachportfoliodi¤ers inCase1 fromCase2.

8 A de…nitionofthedriftprocesscanbefoundinA rnold(19 7 3).
9 T his isanalogoustotheestimatorinR iskM etrics (19 9 6).
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ForcalculatingVaR , wemeetthefollowingstandardsaccordingtotheBaslecon-
ventions10, seeP icoult(19 9 8):

²Volatilitiesandcorrelationsarederivedbyasampleperiodofoneyear.

²W echooseacon…dencelevelof9 9 % .

²T heportfolioisstatic.

²T hetimehorizonT lasts 10 days.

T hesampleunderlyingthemeanandcovarianceestimators consists ofdailymid-
pricedataoveraperiodofoneyear.D enotebyritthedailyreturnoftheithmarket
factorattimet, thatis

rit= ln(
X i
t+ ¢ t
X i
t
);

where¢ tisthefractionofadayinayear, anddenotebyN thenumberofreturns
perasset. Foreach marketfactorthemean estimatoris given by the following
formula

Case1 b¹i= 1
N ¢

P N
t= 1 r

i
t;

Case2 b¹ ´0 ,
andthecovarianceestimatorinbothcasesby

b¾ 2ij= 1
N ¡1 ¢

P N
t= 1(r

i
t¡b¹i)(rjt¡b¹j); i;j= 1;:::; N :

3.2 TheW elchTest

D enotebyVaR ¹ thevalueatriskinCase1 (¹ underconsideration) andbyVaR 0
thevalueatriskinCase2 (¹ ´ 0 ):W ewouldliketosolvethequestionwhether
VaR ¹ > VaR 0 orviceversa.

ForcalculatingVaR fortheportfoliosunderconsideration, weuseanumberof1,000
trialseach.Inbothcases1 and2 wegenerateasampleofVaR calculations, eachof
sizeonehundred.D enotetheserealizationsby

10T heBasleconventionsarediscussedbyJohanning(19 9 6).
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y1(¹);:::;yn 0 (¹);
resp. y1(0 );:::;yn 0 (0 );

andthecorrespondingrandomvariablesby

Y1(¹);:::;Yn 0 (¹);
resp. Y1(0 );:::;Yn 0 (0 ):

T he random variables Yi(¹) and Yi(0 ) areapproximately normally distributed11

withmeanVaR ¹ andVaR 0 , respectively.Equalityofthevariances is notgiven.12
W ethereforeusetheW elchtest, which is suitabletotestthesigni…canceofthe
di¤erenceinthemeansoftwonormallydistributedsampleswithdi¤erentvariances.
Totestthehypothesis

H 0 : VaR 0 ·VaR ¹ (1)

against

H 1 : VaR 0 > VaR ¹; (2)

thestatistic

W =
¹Y (0 )¡ ¹Y (¹)p
S2 (¹)¡S2 (0 )

p
n 0 ; (3)

is used, where ¹Y (¢) = 1
n 0

P n 0
i= 1 Yi(¢) andS2 (¢) = 1

n 0¡1
P n 0

i= 1(Yi(¢)¡ ¹Y (¢))2 :U nder

VaR ¹ = VaR 0 ; W isapproximatelyt-distributedwithkdegreesoffreedom, wherek
isgivenby

k=
(n 0 ¡1)[S2 (¹)+ S2 (0 )]2

S4 (¹)+ S4 (0 )
:

Foragivencon…dencelevel1¡® choose´ suchthat
11T heempiricalquantileisapproximatelynormallydistributed, seeSer‡ing(19 80)fortheprecise

statement.
12 A lthoughtheempiricalvariancesareverycloseinoursamples.
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1¡tk(́ ) = ® ;

wheretk denotesthedistributionfunctionofat-distributedrandom variable. T he
nullhypothesis is rejectedifW is greaterorequalto´. T hecaseVaR ¹ > VaR 0 is
treatedanalogously.

3.3 ThePortfolios

T heportfoliosunderconsiderationconsistofthefollowingassets:

ThePortfolios A ssets

G ermanD ax
Eurostoxx50
G ermanG overnmentBond, maturing2008
G ermanG overnmentBond, maturing2004
D owJonesIndustrialIndex
3-M onthsCallonD ax
3-M onthsPutonEurostoxx50

T hecompositionoftheseassetsisvariedtoobtaindi¤erentportfolios.T hepositions
areallhelduntiltheendoftheperiod, accordingtotheregulation.

T hefollowingsecuritiesserveasriskfactors:

R iskFactors

U SD /D EM Currency
G ermanD A X
Eurostoxx50
G ermanG overnmentBond13, maturing2008
G ermanG overnmentBond, maturing2004
D owJonesIndustrialIndex
3-M onths-Euribor
V D A X

13Ingeneralnon-staticportfolios, inwhich agreatvarityofbonds has tobevalued, interest
rates themselves shouldbetakenas riskfactors. Inourstaticportfolios, thegovernmentbonds
are…xedandonlytheirportfolioweightsarechanged.T hereforeitismorenaturaltoconsiderthe
bondsasriskfactors inourcase.
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Portfoliochanges forcalculatingVaR areobtainedbysimulatingtheriskfactors
accordingtotheassumeddistribution(case1 or2). Putandcalloptionsareana-
lyticallyvaluedviatheB lack-Scholes formula, wheretheparameters aregivenby
simulation. T hevolatilityoftheEurostoxxputis notgiven byariskfactor, we
assumeittobeconstantandequalto25% 14

3.4 TheR esults

T heresultsarenotsurprising.W hetherVaR ¹ < VaR 0 orviceversaclearlydepends
ontheportfolioandthesignandsizeofthedriftparameters.15

W iththeW elchtest, seeSection3.2, thehypothesis H 0 :VaR 0 · VaR ¹ is tested
againstH 1 :VaR 0 > VaR ¹:Inthereversecase, thehypothesisH 0

0 :VaR 0 ¸VaR ¹ is
testedagainstH 0

1 :VaR 0 < VaR ¹. R emember, thestatisticW is approximatelyt-
distributedwithkdegreesoffreedom,wherekisdependingonthestandarderrorsof
thesamples.Forallportfoliosconsideredbelow,kismuchlargerthan10 0 .T herefore
forallportfolios, thenullhypothesisisrejectedatthe9 9 percentcon…dencelevelif
thestatisticW ¸2 :33:

T heparametersareestimatedbyasample, consistingofdailymid-pricedataover
aperiodofoneyear. T he…rstsamplecontains thedailyreturnsfrom 18 Septem-
ber19 9 8 to17 September19 9 9 . T his leads tothefollowingannualizedmeanand
volatilityandthefollowingcorrelations:

Case1

¹ ¾ D M / $ D A X S T O X X 9 Y - B d D J 5Y - B d 3M -EU R V D A X

D EM / U S D 0.110 0.09 7 1

D A X 0.18 8 0.27 1 0.219 1

S T O X X 0.353 0.246 0.246 0.8 8 3 1

9 Y - B O N D -0.08 8 0.056 -0.127 0.08 3 0.055 1

D J 0.311 0.17 1 0.27 1 0.38 0 0.439 0.068 1

5Y - B O N D -0.052 0.035 - 0.106 0.060 0.041 0.9 41 0.07 5 1

3M -EU R -0.258 0.116 -0.016 -0.048 - 0.040 -0.113 -0.046 -0.130 1

V D A X -0.9 14 0.7 7 3 - 0.247 - 0.666 -0.663 -0.09 6 -0.342 -0.09 1 0.007 1

14T hisassumptionismadeforsimplicity.A lternatively, oneshouldusehistoricalimpliedvolatil-
itydata.

15T his iseasytoseeasalreadymentionedinSection1 ifaportfoliois consideredconsistingof
exactlyonelognormallydistributedasset. InthiscaseVaR ¹ < VaR 0 i¤ ¹ > 0 .
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Case2

¹ ¾ D M / $ D A X S T O X X 9 Y -B d D J 5Y - B d 3M -EU R V D A X

D EM / U S D 0 0.09 7 1

D A X 0 0.27 1 0.222 1

S T O X X 0 0.246 0.251 0.8 8 2 1

9 Y - B O N D 0 0.056 -0.133 0.0 7 8 0.046 1

D J 0 0.17 1 0.27 6 0.38 2 0.445 0.05 7 1

5Y - B O N D 0 0.035 - 0.112 0.055 0.032 0.9 42 0.064 1

3M -EU R 0 0.116 -0.025 -0.053 -0.051 - 0.09 8 -0.060 -0.115 1

V D A X 0 0.7 7 3 - 0.251 -0.667 -0.665 -0.08 8 -0.348 - 0.08 4 0.017 1

Fortheseparameters thenullhypothesis is rejectedatthe 9 9 percentcon…dence
levelforallportfolios, seebelow.T hefollowingtablelistssomeresultsforextreme
cases, aportfolioconsistingonlyofputs, oneconsistingonlyofcallsandonewhich
has aboutequalinvestments inthebonds andequityindices.16T helastportfolio
furthermorecontainsshortcallsontheD A X inthesamenumberastheunderlying
andlongputsontheEurostoxxinthesamenumberastheunderlying.

Table1
weightsofassets in% av.rel.VaR ¹ av.rel.VaR 0 W D i¤. in%

(Stderr) (Stderr)
(0,0,0,0,0,0,0,0,0,100) 0.8430 0.8026 17 .34 rejectH 0

0 + 5%
0.0155 0.017 5

(0,0,0,0,0,0,0,0,0,-100) 1.5247 1.7 7 42 17 .5 rejectH 0 -14%
0.09 58 0.1056

(0,0,0,0,0,0,0,0,100,0) 0.67 12 0.6854 5.10 rejectH 0 -2%
0.0213 0.017 8

(0,0,0,0,0,0,0,0,-100,0) 1.7 632 1.6512 7 .20 rejectH 0
0 + 7 %

0.119 7 0.09 9 1
(0,19 ,20,20,19 ,21.5,0,0,-1,0.5) 0.033 0.0369 15.8 rejectH 0 -10%

0.0017 0.0017

H ere a vector (x1;:::; xn) denotes the portfolio weights of the asset-vector
(U SD /D EM , D A X , Eurostoxx, 9 Y -B ond, D owJones, 5Y -Bond, 3M -EU R , V D A X ,
D A X -Call, Eurostoxx-Put).Forexampletheportfolio(0,0,0,0,0,0,0,0,0,100)consists
atonehundredpercentofputoptions ontheEurostoxx. T henegativesign indi-
catesashortposition. T hevaluesav.rel. VaR ¹ andav.rel. VaR 0 areobtainedby
takingthearithmeticaverageofonehundredVaR calculationseach, expressedasa

16Somefactorshavezeroweightintheportfolioastheyjustserveasriskfactors.
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proportionoftheportfolio’svalue.W istheresultoftheW elchtest.R ememberthe
criticalpointis´ = 2 :33:T helastcolumnindicateshowmuchtheaverageestimated
VaR ¹ relativelydi¤ersfromtheaverageestimatedVaR 0:

T helongputportfoliohasasigni…cantlyhigherVaR ¹;theshortputportfoliohasa
signi…cantlysmallerVaR ¹ thanVaR 0:T hisisduetothepositivedriftoftheunder-
lyinginourcase.17 T hereverseistrueforthelongcallportfolio, astheunderlying
hasapositivedriftinourcase18 , too. T helastportfolio, whichismoreequallyin-
vested, has asigni…cantlysmallerVaR ¹:Inthis case, theaverageestimatedVaR ¹

is 10 % smallerthantheaverageestimatedVaR 0:

T hevariabilityofthedriftshouldbetakenintoaccount.T hefollowingtablepresents
themeans andstandarddeviations basedontheperiodfrom 22 September9 8 to
21 September9 9 :

D M /$ D A X ST O X X 9 Y -B d D J 5Y -B d 3M -EU R V D A X
¹ 0.109 0.109 0.27 5 -0.081 0.255 -0.049 -0.264 -0.67 5
¾ 0.09 8 0.268 0.243 0.055 0.17 0 0.035 0.115 0.7 7 1

U singtheseparameterswehavethefollowingresults19 :

Table2
weightsofassets in% av.rel.VaR ¹ av.rel.VaR 0 W D i¤. in%

(Stderr) (Stderr)
(0,0,0,0,0,0,0,0,0,100) 0.8353 0.7 9 81 14.35 rejectH 0

0 + 5%
0.0182 0.0204

(0,0,0,0,0,0,0,0,0,-100) 1.57 21 1.7 842 13.48 rejectH 0 -12%
0.1069 0.1153

(0,0,0,0,0,0,0,0,100,0) 0.67 43 0.67 66 0.84 notsign. 0%
0.0182 0.0204

(0,0,0,0,0,0,0,0,-100,0) 1.69 7 1 1.6252 4.33 rejectH 0
0 + 4%

0.119 7 0.09 9 1
(0,19 ,20,20,19 ,21.5,0,0,-1,0.5) 0.0338 0.037 0 14.18 rejectH 0 -9 %

0.0017 0.0014

17 T hereverseresultis obtainedbyreplacingthereturnroftheunderlyingEurostoxxby¡r
keepingtheotherparameterconstant.R ememberthataputisdecreasingintheunderlying.

18 R ememberthatacallis increasingintheunderlying.
19 Tocomparetheresults atdi¤erentpoints in time, thestartingvalues ofallriskfactors are

…xed.
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In comparisonwiththeresults presented in Table 1, thedi¤erences between the
averageVaR ¹ andtheaverageVaR 0 aresmaller, andtheteststatisticW hassmaller
values. InthecaseofthelongCallthenullhypothesiscannotberejected.

W henregardingtheportfolios aboveandthedi¤erences betweentheirestimated
VaR ¹ andVaR 0 numbers, animpactofthedriftonVaR isinmostcasespresent.T he
datarequiredforestimating¹ arealsousedforestimatingvariancesandcorrelations.
T hereforeitis littleextraworktoestimate¹:T helognormaldistributionweused
isknownnotto…textremevaluesof…nancialdataveryaccurately.20 B utatime-
dependentvolatility can easily be incorporated by usingexponentiallyweighted
estimators. H owever, itis notobvious howtoinvolveatime-dependentmean. W e
usedthearithmeticaverage, becauseitisrelativelystableintime.A nexponentially
weightedestimatorwillingeneralbringinmorevariabilityofthemean.

H istoricalsimulationforcalculatingVaR wouldovercometheproblem ofignoring
thedrift. Butitis stronglypath-dependent, sothatprobabilisticresults requirea
largeamountofhistoricaldata, whichmightnotbeavailableinallcases.

Similarresultsarealsoobtainableforaone-dayholdingperiod.T heVaR numbers
aresmallerthaninthecaseofaten-dayholdingperiod.T hestatisticW hassmaller
values, thatistosaythehypothesis H 0 isrejectedatasmallersigni…cancelevel.

R ésumé: T hedi¤erencesinthevalue-at-risknumbers, whencalculatedundercon-
siderationofanestimateddriftandontheassumptionofazerodrift, respectively,
areconsiderablyina10-dayholdingperiod. A ssumptions posedonthevalueand
typeofthedriftparametersshouldthereforebehandledwithcare.T hevariability
ofthedriftforcesaregularreadjustmentoftheestimatedparameters.
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