Subordinated Stock Price Models:

Heavy Tails and Long–Range Dependence in the High–frequency Deutsche Bank Price Record

Carlo Marinelli^1 Svetlozar Rachev^2 Richard Roll^3 Hermann Göppl^4

1 Department of Electronics and Computer Science University of Padova, Italy 2 Institute of Statistics and Mathematical Economics University of Karlsruhe, Germany 3 Anderson School of Management University of California, Los Angeles 4 Institute for Decision Theory and Management Research University of Karlsruhe, Germany

Abstract Following a previous study on subordinated exchange rate models, we investigate the main properties of the high–frequency Deutsche Bank price record in the setting of stochastic subordination and stable modeling, focusing on heavy–tailedness and long memory, together with their dependence on the sampling period. We find that the market time process has increments described well by Gamma distributions, and that the log price process in intrinsic time can be approximated, at different time scales, by α–stable Lévy processes. Most importantly, long–range dependence with strong intensity is present in the market time process, with an estimated Hurst index H ≈ 0.9. Finally, the stable domain of attraction offers a good fit of the returns in physical time, which display weak long memory. As a consequence, we propose as a realistic model for the stock prices a process Z(t) subordinated to an α-stable Lévy motion S(t) by a long–memory intrinsic time process T (t) with Gamma–distributed increments.

1 Introduction

As a follow–up paper to our study Marinelli, Rachev and Roll (1999), we investigate the probabilistic structure of the Deutsche Bank price record at very short time scales (high–frequency data) in the setting of stochastic subordination^1, i.e. we model the log price process in physical time as a compound process Z(t) = S(T (t)), where S(t) is a stochastic process indexed on a stochastically “deformed” time scale represented by a process T (t). In this setting, T (t) models the market activity, which changes over time, as it is well known, and S(t) is the stock (log) price process in market time.

We focus on the properties of heavy tailedness and long–range dependence^2, studying their behavior with respect to the time lag, for all the processes involved in the setting of subordination.

From the statistical study of the observed increments of the market time process, we find empirical evidence of strong long memory in the underlying process T (t), while the returns in intrinsic time, i.e. the increments of S(t), appear not to posses long memory. These features of T (t) and S(t) characterized the corresponding processes for USD–CHF exchange rates, where we found that long memory in S(t), if present, had very low intensity. Moreover, it results from our data set that intra–daily returns are heavy tailed, and appear to be in the domain of attraction of a stable law^3 with characteristic exponent α < 1.5. We also find evidence, although not conclusive, of the presence of long–range dependence structures of weak intensity in the return process in physical time.

The outcome of our analysis for stock prices is consistent with our previous results on exchange rates. In fact, we shall see that the three processes T (t), S(t) and Z(t) for USD–CHF exchange rate and Deutsche Bank stock price share most of their features.

Based on our empirical findings, we introduce a model of the temporal evolution of stock prices based on the hypothesis that the log price process is driven by a stable process^4 in the market time, subordinated by a long–range dependent stochastic process (indexed on the physical time), with Gamma– distributed increments.

The presented empirical findings show that asset returns are in a completely different class than that predicted by the classical model driven by geometric

1See Bertoin (1998) for an introduction to the theory of subordinated processes, and Hurst, Platen and Rachev (1997, 1999) for a discussion of their adoption in financial modeling.

2See Beran (1994) for an introduction to the theory of long–range dependence and for a survey of the available statistical methods.

3For the definition and basic properties of stable laws, we refer to Samorodnitsky and Taqqu (1994). A survey of their applications in financial modeling can be found in Mittnik, Rachev and Paolella (1998).

4See Samorodnitsky and Taqqu (1994) for a treatise on stable processes.

Brownian motion: most notably, returns are heavy tailed and long–range dependent. As a consequence, derivative pricing and other theories based on distributional assumptions, like value–at–risk and portfolio theory, have to be reviewed to take into account the higher risk involved with returns strongly deviating from gaussianity.

2 The data set

We consider the high–frequency Deutsche Bank price record registered at the Frankfurt Stock Exchange from May 1, 1996 to April 30, 1998. The data set consists of 66255 observations for a total of 498 business days, so we have an average of around 133 ticks per day. In the period of our records, the business hours of the Frankfurt Stock Market were from 10:30am to 1:30pm, while they were extended to 8:30am to 4:30pm only on July 1, 1998. We have therefore approximately 44 quotes an hour, or equivalently one quote every 1.35 minutes. Figure 1 displays the empirical paths of the processes S(t), T (t) and Z(t) for our data set.

We have obtained this data set from the Karlsruher Kapitalmarktdatenbank, which collects a great variety of financial data for the German market.^5

3 Statistical Analysis of the Market Time Process

We define the market time (also called trading time or intrinsic time) as

T (t) = {Number of transactions up to time t},

and we model it as an increasing R^+_0 –valued stochastic process defined on R^+_0 , and such that T (0) = 0. The trading time can be considered as a measure of market activity, and it is introduced to explain the empirical observation that price changes are higher when market activity is more intense. For further details on the application of stochastic subordination to the modeling of financial prices, see Clark (1973), Ghysels, Gouriéroux and Jasiak (1995), and Hurst, Platen and Rachev (1997, 1999). Mandelbrot, Fisher and Calvet (1997) have proposed recently, in the context of their Multifractal Model of Asset Returns, to model the market time with the cumulative distribution function of a multifractal measure.

The properties of the market time in the study of high–frequency financial data are closely related to the notions of quote time (see Evertsz (1995)) and of tick frequency (see Guillaume et al. (1997)). Quote time consists in the

5See Appendix A for more details on the format of the data, and Lüdecke (1997) for informations on the data bank.

Figure 1: Tick–by–tick logarithmic price levels, trace of the trading time T (t), and log price levels in physical time for the Deutsche Bank stock, from top to bottom. Times are expressed in hours.

mapping of the times {t_i}_{i=1,...,N} at which the stock price is registered to the set {1, . . . , N}, i.e. prices in quote time coincide, in our settings, with prices in intrinsic time. Tick frequency at time t is defined as

f(t; Δt) = 1 Δt card { x(t_j ) | t_j ∈ (t − Δt, t] } , where t_j are the times at which the quotes are registered, and x(t_j ) are the corresponding prices. The tick frequency is often considered a proxy to the transaction volume. In the setting of subordination, it holds

f(t; Δt) = T (t) − T (t − Δt) Δt . In this section we investigate the probabilistic structure of the increments of the trading time process T (t) for different lags, and we look for the presence of long–range dependence structures.

3.1 Probabilistic structure

A natural choice of underlying distributions for the increments of the intrinsic time process T (t) is the family of infinitely divisible distributions.^6 Here we consider only exponential, Gamma, lognormal laws and stable subordinators (i.e. maximally skewed α-stable laws with α < 1), together with Weibull law (which is not infinitely divisible, but as we will see, provides a good fit).

For increments of T (t) with a sampling period Δt = 2, 5, 15, 30 minutes, 1 hour and 1 day, i.e. for ΔT (t) = T (t) − T (t − Δt), we obtain the following descriptive statistical data

2 min 5 min 15 min 30 min 1 h 1 day μ̂ 1.4644 3.6612 10.9836 21.9671 43.9343 133.0422 σ̂ 1.0060 2.0881 5.1872 9.4774 17.4650 46.9927 β̂ 1.1231 0.8723 0.7652 0.7684 0.7332 0.6021 κ̂ 4.4089 3.9521 3.8329 4.0429 4.2443 4.0642

where μ is the mean, σ the standard deviation, β the skewness, and κ the kurtosis. Recall that β is a measure of the asymmetry of the distribution, and κ of the tail thickness. Note that the value of the sample kurtosis κ̂ suggests

6For the definition and basic properties of infinitely divisible laws, see Feller (1971), Section 6.3 or Janicki and Weron (1994), Section 4.4.

that the increments of T (t) have light tails. In fact, this empirical observation is supported, as we shall see, by the likelihood ratio test, which indicates as best fit of the increments at different time lags a distribution with finite moments of all orders.

Table 1 shows the values of the parameter estimates and of the logarithmic likelihood for all chosen fits of the 2–minute increments. Moreover, we report in Table 2 the likelihood values (− log L) of all parametrizations for time lags of 2, 5, 15, 30 minutes and 1 hour, while full tables with parameter estimates can be found in the Appendix. Note that the Gamma distribution offers the best fit in all cases, except for Δt = 5 and 10 minutes, for which the Weibull distribution performs slightly better. Moreover, the Weibull distribution proves to be inadequate as a model for daily increments of T (t). In fact, its likelihood value “explodes”, a phenomenon that we already encountered in the fit of weekly increments of T (t) for the USD–CHF exchange rate (see Marinelli, Rachev and Roll (1999)).

Figure 2 displays the empirical PDFs of the increments of T (t) and their best two fits (i.e., Gamma and Weibull) for sampling periods from 2 to 30 minutes.

The probabilistic structure of the increments of T (t), as we have already pointed out, is in agreement with the low value of their sample kurtosis, since both Gamma and Weibull laws admit finite moments of every order. However, in contrast with the Gamma distribution, Weibull law unfortunately does not belong to the class of infinitely divisible distributions.

Moreover, due to the fact that the empirical kurtosis of the increments of T (t) is very low, and that the family of stable subordinators performs poorly in comparison to the other fits, we are lead to exclude an underlyng distribution with heavy tails.

It is evident, from both the likelihood scores and the empirical fits, how the Gamma law consistently provides an accurate fit. In our previous study on exchange rates, we found that the Weibul distribution provides the best fit, with Gamma law approaching the Weibull likelihood score with increasing time lags.

The whole picture is then complicated by the fact that, as we show in the following, the increments of T (t) cannot be assumed to be independent. In fact, both classical R/S analysis and Lo’s modified R/S statistics favor the hypothesis that long–range dependence structures are present in the market time process T (t).

Distribution Parameter estimates − log L Exponential α̂ = 1.464434 6.2500 · 10^4 Gamma â = 2.073898 5.6772 · 10^4 b̂ = 0.706131 Lognormal μ̂ = 0.121410 5.8144 · 10^4 σ̂ = 0.774806 Stable α̂ = 0.9993 6.1146 · 10^4 β̂ = 1 σ̂ = 0.4684 μ̂ = −399.326 Weibull â = 0.475704 5.7065 · 10^4 b̂ = 1.519623

Table 1: Fits of the 2–minute increments of the market time process T (t)

Distribution 2 m 3 m 5 m 10 m 15 m 30 m 1 h Exponential 62500 53895 41580 27061 20487 12334 7212 Gamma 56772 48989 37554 24163 18205 10937 6399 Lognormal 58144 50421 38668 24709 18529 11081 6453 Stable 61146 – – – – – – Weibull 57065 49006 37463 24138 18212 10964 6421

Table 2: Negative log likelihood values for the fits of the increments of T (t) at time lags up to 1 hour.

Figure 2: Empirical PDF (solid) of the increments of the market times process T (t) for different time lags, together with Gamma (dashed) and Weibull fit (dotted).

3.2 Long–range dependence in T (t)

Classical R/S analysis applied to the increments of T (t) strongly evidences the presence of long memory in the data. In fact, the estimated Hurst index H belongs to the range 0.8 – 0.9 for all considered time lags. In the following table, we summarize our findings:

2 m 3 m 4 m 5 m 10 m 15 m 30 m 1 h 1 d H 0.89 0.89 0.88 0.89 0.88 0.87 0.86 0.84 0.82

Note that the intra–hourly estimates of H are almost equal, while they tend to slightly decrease at lower frequencies (i.e., for longer sampling periods), as it is reasonable to expect. Since R/S analysis is sensitive to the presence of short–

Figure 3: Graphs of the Lo’s statistic V_N (q) against q (the lag) for the increments of T (t) at different sampling periods. Between dotted lines is the 95% confidence region of Lo’s test.

range dependence, the small variation in H might also be seen as a “weakening” of the effects of short memory as the time lags increases.

We have also applied Lo’s test to the increments of T (t), and a plot of the modified R/S statistic V_N (q) against q for different choices of the sampling period is given in Figure 3. The values of the lag q beyond which V_N (q) enters the confidence region of Lo’s test are quite large compared to the sizes of the corresponding time series, so this behavior is not to be considered in contradiction with the estimates of H obtained through classical R/S analysis. For more details, see Lo (1991) and Teverovsky, Taqqu and Willinger (1998, 1999).

The plots also show a behavior of V_N (q) consistent with that of fractional ARIMA (see Teverovsky, Taqqu and Willinger (1998)), which suggests, at a

Lag α̂ β̂ σ̂ μ̂ 1 1.55 −9.91 · 10^{−2} 3.64 · 10^{−4} −2.66 · 10^{−5} 2 1.54 6.78 · 10^{−2} 5.09 · 10^{−4} 1.58 · 10^{−5} 4 1.46 6.48 · 10^{−2} 7.01 · 10^{−4} 2.05 · 10^{−5} 8 1.31 7.24 · 10^{−2} 9.98 · 10^{−4} 7.81 · 10^{−5} 16 1.22 8.67 · 10^{−2} 1.47 · 10^{−3} 2.96 · 10^{−4}

Table 3: Stable fits of the increments of S(t) for different sampling periods

level of qualitative analysis, that the increments of T (t) could possibly be generated by a FARIMA process with Gamma distributed innovations.

4 Statistical Analysis of the tick–by–tick Price Process

In this section we study the probabilistic structure at different time scales of the price process in intrinsic time S(t). Recall that, having defined T (t) as the number of transactions up to time t, then the tick–by–tick price record can be viewed as a sample path of the process S(t).

4.1 Probabilistic Structure

The 1–quote returns (i.e., in our setting, the increments of S(t) with unit sampling period) are clearly not drawn from a stable random variable, as it can be inferred by the shape of their empirical PDF displayed in Figure 4. One should also note that kernel probability density estimation has smoothing effects that could hide multimodality in the underlying distribution, with two local maxima besides the central peak of the PDF.

The stable law offers a reasonably good fit of the central portion of the density, but unfortunately it cannot fully explain the shape of the empirical PDF, and of a possible multimodality: in fact, the stable distribution is unimodal (for a proof, see Yamazato (1978) and Zolotarev (1986)).

The estimated index of stability α is fairly “stationary” for sampling periods up to 4 quotes, while it decreases to approximately 1.3 and 1.2 for sampling periods of 8 and 16 quotes. However, there is no reason to believe that α would be constant for tick–by–tick data at the shortest time scales, nor that it would decrease for longer sampling periods. Moreover, we observed a similar phenomenon in the study of the tick–by–tick returns of the USD–CHF exchange rate. The variability of the index of stability α might be due to the fact that

Figure 4: Empirical PDF (solid) of the 1–quote returns, together with stable (dashed) and normal fit (dotted).

the increments of the process S(t) are in fact not independent, or that they are not identically distributed, or that the underlying distribution is not purely stable, but instead could be a mixture with, speaking loosely, a dominant stable component. We shall see, however, that long memory in S(t), if present, is very weak. It is also interesting to note that the estimated skewness parameter β is very close to zero independently of the sampling period, meaning that, in the setting of stable modeling, the tick–by–tick returns are almost perfectly symmetrically distributed even at different time scales.

4.2 Long–range dependence

The estimated values of the Hurst index for the increments of S(t) at all considered sampling periods are very close to the theoretical value H_0 = 0.5 distinguishing processes with no long memory: namely, they are in the range 0.52 – 0.53. Recall that the classical R/S method is robust with respect to heavy– tailed time series: in fact, R(n) asymptotically behaves like n^H = n^{d+1/α}, and S(n) like n^{1/α−1/2}, hence R/S(n) asymptotically behaves like n^{d+1/2}, independently of the value of α. What we actually estimate with the classical R/S method is therefore d + 1/2, and not the self–similarity index H.^7 Since d = 0 distinguishes processes with no long memory, the obtained values suggest that long–range dependence, if at all present, has very weak intensity.

7See Mandelbrot and Taqqu (1979) and Taqqu and Teverovsky (1998).

Figure 5: Empirical PDF (solid) of the 2, 4, 8 and 16–quote returns (in left– right, top–down order), together with stable (dashed) and normal fit (dotted).

Moreover, Lo’s modified R/S statistic V_N (q) falls inside the acceptance region for rejecting long memory for all values of the lag q, even for very small ones, as evidenced in Figures 6 and 7. However, since Lo’s V_N (q) statistics implicitly requires the existence of the second moment of the distribution generating the data, Lo’s test might not be robust with respect to heavy–tailed time series, even if a small simulation study suggests that it provides useful results when applied to stable noise (see Marinelli, Rachev and Roll (1999)).

On the basis of the fact that stable laws offers a very good fit of the increments of S(t), and that there is strong evidence for rejecting the hypothesis of long–range dependence in the underlying generating process, we are led to propose as a suitable model for the log price in market time, on a first level of approximation, an α–stable Lévy process. The clearest limitation of this model is that it does not allow the stability index α of the increments to change with

Figure 6: Lo’s statistic V_N (q) versus q for the 1–quote increments of the tick– by–tick price record.

respect to the time scale. A possible explanation of this behavior is that the there could be other components in the dynamics of tick–by–tick prices that “add up” to the stable component. Another suggestive hypothesis could be that the underlying process is in fact a GARCH process with stable innovations.^8

5 Statistical Analysis of the Price Process in Physical Time

In this section we investigate what probabilistic structure have the increments of the compound process Z(t) = S ∘ T (t) = S(T (t)), which describes the log price in physical time. Since we have seen that S(t) and T (t) are properly approximated by, respectively, an α–stable Lévy process and a process with Gamma distributed increments, we would expect the subordinated process Z(t) to have increments in the domain of attraction of stable laws. In fact, a stable process subordinated to an intrinsic time process with Gamma distributed increments has ν–stable distributed increments (see Klebanov and Rachev (1996)). Moreover, if S(t)_{t≥0} is an α–stable process and T (t) has Weibull distributed increments, then one can prove easily that the subordinated process Z(t) = S(T (t)) has marginal distributions that are in the domain of attraction of an α–stable law (see also Marinelli (1999)).

8For an account of the theory of stable–GARCH processes and of their applications in financial modeling see Panorska, Rachev and Mittnik (1995) and Mittnik, Paolella and Rachev (1997).

Figure 7: Lo’s statistic V_N (q) versus q for the increments of the tick–by–tick price record: sampling periods of 2, 4, 8 and 16 quotes, in left to right, top– down order.

5.1 Probabilistic structure

As expected, the stable domain of attraction offers a good description of the increments of the compound process Z(t) = S(T (t)), as evidenced by Figures 8 and 9.

The estimated index of stability is close to 1.3 for time lags of 2, 3, 4 and 5 minutes, while it decreases to about 1.2 for lags of 10 and 15 minutes, and to about 1.15 for lags of 30 minutes and 1 hour. Similarly to our analysis of USD–CHF exchange rates, the estimated indices of stability α of S(t) and Z(t) are different. We conjecture that the increase in tail thickness from S(t) to Z(t) is induced by the long–range dependence structures of the intrinsic time process T (t). Moreover, we cannot exclude the presence of explicit dependece

Figure 8: Empirical PDF (solid) of the 2, 3, 4 and 5–minute returns (in left– right, top–down order), together with stable (dashed) and normal fit (dotted).

between the processes T (t) and S(t), that in our setting are assumed to be independent.

5.2 Long–range dependence

The estimated Hurst index H = d + 1/2 is almost constantly equal to 0.58, and to 0.61 for daily returns. This indicates the possible presence of long– range dependence, although of weak intensity. On the other hand, Lo’s test consistently favors the hypothesis of absence of long memory, as evidences by Figure 10. In essence, there is no conclusive evidence of presence or absence of dependece structures in the underlying generating process, but we can safely assert that long memory is weak, but stronger than that of S(t). This is most likely due to the fact that Z(t) “inherits” long range dependence structures from both S(t) and T (t), the latter of which was found to have strongly dependent

Figure 9: Empirical PDF (solid) of the 10, 15, 30 and 60–minute returns (in left–right, top–down order), together with stable (dashed) and normal fit (dotted).

increments.

6 Daily data

We collect in a separate section the results for daily data, since we have only about 500 samples, significantly less than the sizes of the other time series we have studied in this paper.

Note that the estimated index of stability α = 1.64 for daily returns is greater than the estimates at shorter time scales, an expected behavior that was observed in our previous study on exchange rates as well.

The classical R/S estimate H = 0.61 (corresponding to d = 0.11), however, is in line with the results obtained at higher frequencies, showing that long–

Figure 10: Lo’s statistic V_N (q) versus q for the increments of the price record in physical time Z(t). In the top panel, for sampling periods of 2, 5, and 10 minutes (solid, dashed, and dotted respectively). In the bottom panel, for sampling periods of 15, 30, and 60 minutes (same graphical conventions).

Figure 11: Left panel: empirical PDF of the daily increments of Z(t), with stable (dashed) and normal fit (dotted). Right panel: Lo’s statistic V_N (q) against q for the the daily increments of Z(t).

range dependence, even if of weak intensity, is persistent over different business days.

7 Conclusions

We have investigated the probability structure and the presence of long–range dependence in a data set of high–frequency financial data, proposing interpretations of the observed phenomena, in the setting of stochastic deformation of the physical time (stochastic subordination). We have shown that the trading time T (t) has increments described very well by a Gamma distribution, and that there is strong empirical evidence for the presence of long–range dependence structures in the market time process. Moreover, stable laws offer very good fits of returns both in intrinsic time and physical time, for different sampling periods. While Lo’s test categorically excludes the presence of long memory in the increments of S(t), classical R/S analysis provides estimates of d very close to zero, hence practically rejecting hypothesis that long–range dependence is present in the tick–by–tick returns.

These empirical findings suggest that a reasonable model for the description of stock prices is an α-stable Lévy motion subordinated by a long–range dependent intrinsic time process with Hurst index H ≈ 0.9 and Gamma distributed increments.

In our previous study of high–frequency exchange rates, we obtained very similar results: in particular, we found S(t) to be well approximated by an α–stable process, possibly fractionally stable, and the market time T (t) to be a process with strongly dependent increments, well fit by the Gamma distribution (although it was outperformed by the Weibull law). These characteristics seem therefore to be of general nature, and not only peculiar features of the time series we have considered. We have not given formal explanations of why, for instance, the intrinsic time T (t) has strong long range dependent increments, but we conjecture that, under the point of view of stochastic subordinated models, heavy tailedness comes from the price process in intrinsic time, and long–range dependence has its origin in the market time process.

Moreover, models of the type we have discussed, which account for the presence of long–range dependence and heavy–tailed distributions in financial data, should be used as more realistic base for risk management (value–at–risk), derivative pricing, and portfolio theory.

Appendix A The Karlsruher Kapitalmarktdatenbank

The tick-by-tick data set we study is part of the database called “Fortlaufende Kurse + Umsatzdaten”, available from the Karlsruher Kapitalmarktdatenbank (KKMDB). More informations are available at the Internet URL

http://finance.wiwi.uni-kalrsruhe.de/kkmdb.

Each record in the database consists of 7 fields, i.e.

1. Security code (e.g., 804010 in the case of Deutsche Bank). 2. The date.

3. The stock market where the record was registered (in our case, it is always the Frankfurt Stock Exchange).

4. The transaction time, in the format hh:mm:ss.ss.

5. A flag, taking a value of either E, V or S, where E denotes an opening price, V a variable intra–day price, and S a closing price.

6. The transaction price in DEM, with an accuracy of 4 decimal digits. 7. The transaction volume.

B Tables

Distribution Parameter estimates − log L Exponential α̂ = 2.1967 53896

Gamma â = 2.3280 48989 b̂ = 0.9436

Lognormal μ̂ = 0.5570 50421 σ̂ = 0.7377

Weibull â = 0.2274 49006 b̂ = 1.6444

Table 4: Fits of the 3–minute increments of the market time process T (t)

Distribution Parameter estimates − log L Exponential α̂ = 3.6611 41581

Gamma â = 2.7733 37555 b̂ = 1.3201

Lognormal μ̂ = 1.1068 38668 σ̂ = 0.6778

Weibull â = 0.07482 37463 b̂ = 1.8296

Table 5: Fits of the 5–minute increments of the market time process T (t)

Distribution Parameter estimates − log L Exponential α̂ = 7.3224 27062

Gamma â = 3.5967 24163 b̂ = 2.0358

Lognormal μ̂ = 1.8455 24710 σ̂ = 0.5866

Weibull â = 0.01208 24138 b̂ = 2.0898

Table 6: Fits of the 10–minute increments of the market time process T (t)

Distribution Parameter estimates − log L Exponential α̂ = 10.9836 20487

Gamma â = 4.1542 18205 b̂ = 2.6439

Lognormal μ̂ = 2.2712 18529 σ̂ = 0.5389

Weibull â = 3.554 · 10^{−3} 18212 b̂ = 2.2391

Table 7: Fits of the 15–minute increments of the market time process T (t)

Distribution Parameter estimates − log L Exponential α̂ = 21.9671 12334

Gamma â = 5.0868 10937 b̂ = 4.3184

Lognormal μ̂ = 2.9880 11081 σ̂ = 0.4806

Weibull â = 3.81 · 10^{−4} 10964 b̂ = 2.4525

Table 8: Fits of the 30–minute increments of the market time process T (t)

Distribution Parameter estimates − log L Exponential α̂ = 43.9343 7212

Gamma â = 6.0628 6399 b̂ = 7.2465

Lognormal μ̂ = 3.6980 6453 σ̂ = 0.4330

Weibull â = 3.122 · 10^{−5} 6420 b̂ = 2.6602

Table 9: Fits of the hourly increments of the market time process T (t)

References

Aaronson, J. and Denker, M. (1998). Characteristic functions of random variables attracted to 1–stable laws. Annals of Probability, 26, 399–415.

Adler, R., Feldman, R., and Taqqu, M., editors (1998). A Practical Guide to Heavy Tails - Statistical Techniques and Applications. Birkäuser, Boston.

Akgiray, V. and Lamoureux, C. G. (1989). Estimation of stable-law parameters:

A comparative study. Journal of Business and Economic Statistics, 7, 85– 93. Annis, A. A. and Lloyd, E. H. (1976). The expected value of the adjusted rescaled Hurst range of independent normal summands. Biometrika, 73, 111–116.

Bachelier, L. (1900). Théorie de la Spéculation. Annales de l’Ecole Normale Supérieure, 3. English translation in Cootner (1964).

Baillie, B. T. (1996). Long memory processes and fractional integration in econometrics. Journal of Econometrics, 73, 5–59.

Baillie, B. T. and King, M. L., editors (1996). Fractional differencing and long memory processes. Journal of Econometrics, 73. Special issue.

Beirlant, J., Vynckier, P., and Teugels, J. L. (1996). Tail Index Estimation, Pareto Quantile Plots, and Regression Diagnostics. Journal of the American Statistical Association, 91, 1659–1667.

Beran, J. (1994). Statistics for Long–Memory Processes. Chapman and Hall, New York.

Bertoin, J. (1998). Lévy Processes. Number 121 in Cambridge Tracts in Mathematics. Cambridge UP.

Billingsley, P. (1968). Convergence of Probability Measures. Wiley & Sons, New York.

Black, F. and Scholes, M. (1973). The pricing of options and corporate liabilities. Journal of Political Economics, 3, 637–654.

Bochner, S. (1955). Harmonic analysis and the theory of probability. University of California Press, Berkeley.

Bollerslev, T., Chou, R., and Kroner, K. (1992). ARCH Modeling in Finance:

A Review of Theory and Empirical Evidence. Journal of Econometrics, 52, 5–59.

Borodin, A. N. and Ibragimov, I. A. (1995). Limit Theorems for Functionals of Random Walks, volume 195 of Proceedings of the Steklov Institute of Mathematics. American Mathematical Society.

Bouleau, N. and Lépingle, D. (1994). Numerical Methods for Stochastic Processes. Wiley & Sons, New York.

Brachet, M., Taflin, E., and Tcheou, J. M. (1997). Scaling transformation and probability distributions for financial time series. Technical report, Laboratoire de Physique Statistique, CNRS URA 1306, France.

Brockwell, P. J. and Davis, R. A. (1991). Time Series: Theory and Methods.

Springer, New York, 2 edition.

Buckle, D. J. (1995). Bayesian Inference for Stable Distributions. Journal of the American Statistical Association, 90, 605–613.

Bunde, A. and Havlin, S. (1991). Fractals and Disordered Systems. Springer, Berlin.

Campbell, J. Y., Lo, A. W., and MacKinlay, A. C. (1997). The Econometrics of Financial Markets. Princeton UP, Princeton, NJ.

Chamberlain, G. (1983). A Characterization of the Distributions that Imply Mean Variance Utility Functions. Journal of Economic Theory, 29, 985– 988.

Chambers, J. M., Mallows, C. L., and Stuck, B. W. (1976). A Method for Simulating Stable Random Variables. Journal of the American Statistical Association, 71, 340–344.

Cheng, B. N. and Rachev, S. T. (1995). Multivariate Stable Future Prices.

Mathematical Finance, 5, 133–153.

Cootner, P. (1964). The Random Character of Stock Market Prices. MIT Press, Cambridge, MA.

Cutland, N. J., Kopp, P. E., and Willinger, W. (1995). Stock price returns and the Joseph effect: a fractional version of the Black–Scholes model. In Bolthausen, E., Dozzi, M., and Russo, F., editors, Seminar on Stochastic Analysis, Random Fields, and Applications, pages 327–351, Boston. Birkäuser.

Daníelsson, J. and de Vries, C. G. (1997). Tail index and quantile estimation with very high frequency data. Journal of Empirical Finance, 4, 241–257.

Devroye, L. (1986). Non-uniform Random Variate Generation. Springer, New York.

Dhrymes, P. J. (1989). Topics in Advanced Econometrics. Springer, New York.

Duffie, D. (1996). Dynamic Asset Pricing Theory. Princeton UP, Princeton, NJ. DuMouchel, W. H. (1971). Stable distributions in statistical inference. PhD thesis, University of Ann Arbor, Ann Arbor, MI.

DuMouchel, W. H. (1973). On the Asymptotic Normality of the Maximum– Likelihood Estimate when Sampling from a Stable Distribution. Annals of Statistics, 1, 948–957.

DuMouchel, W. H. (1975). Stable Distributions in Statistical Inference 2: Information From Stably Distributed Samples. Journal of the American Statistical Association, 70, 386–393.

DuMouchel, W. H. (1983). Estimating the stable index α in order to measure tail thickness: a critique. Annals of Statistics, 11, 1019–1031.

Evertsz, C. J. G. (1995). Fractal geometry of financial time series. Fractals, 3, 609–616.

Falconer, K. J. (1990). Fractal Geometry: Mathematical Foundations and Applications. Wiley & Sons, New York.

Fama, E. (1965). The behavior of stock market prices. Journal of Business, 38, 34–105.

Fama, E. (1970). Risk, Return and Equilibrium. Journal of Political Economy, 78, 30–55.

Fama, E. and Roll, R. (1968). Some Properties of Symmetric Stable Distributions. Journal of the American Statistical Association, 63, 817–836.

Fama, E. and Roll, R. (1971). Parameter Estimates for Symmetric Stable Distributions. Journal of the American Statistical Association, 66, 331– 339.

Feller, W. (1971). An Introduction to Probability Theory and Its Applications, volume 2nd. Wiley, New York, 2nd edition.

Fofack, H. and Nolan, J. P. (1998). Tail Behavior, Modes and Other Characteristics of Stable Distributions. Preprint.

Gamrowski, B. and Rachev, S. T. (1994). Stable Models in Testable Asset Pricing. In Approximation, Probability and Related Fields, pages 315–320. Plenum Press, New York.

Gamrowski, B. and Rachev, S. T. (1995). Financial Models Using Stable Laws.

In Prohorov, Y. V., editor, Applied and Industrial Mathematics, pages 556–604.

Gardiner, C. W. (1983). Handbook of stochastic methods. Springer, New York.

Geman, H. and Ané, T. (1996). Stochastic Subordination. Risk, 9, 146–149.

Ghashgaie, S., Breymann, W., Peinke, J., Talkner, P., and Dodge, Y. (1996).

Turbulent cascades in foreign exchange markets. Nature, 381, 767–770.

Ghysels, E., Gouriéroux, C., and Jasiak, J. (1995). Market Time and Asset Price Movements: Theory and Estimation. Technical report, CIRANO and CREST.

Gnedenko, B. V. and Kolmogorov, A. N. (1954). Limit Distributions for Sum of Independent Random Variables. Addison–Wesley, Reading, MA.

Gouriéroux, C. (1997). ARCH Models and Financial Applications. Springer, New York.

Guillaume, D. M., Dacorogna, M. M., Davé, R. R., Müller, U. A., Olsen, R. B., and Pictet, O. V. (1997). From the bird’s eye to the microscope: A survey of new stylized fact of the intra-daily foreign exchange markets. Finance and Stochastics, 1, 95–129.

Harrison, J. M. and Pliska, S. R. (1981). Martingales and Stochastic Integrals in the Theory of Continuous Trading. Stochastic Processes and their Applications, 11, 215–260.

Haslett, J. and Raftery, A. E. (1989). Space–time modelling with long–memory dependence: assessing ireland’s wind power resource. Applied Statistics, 38, 1–50.

Higuchi, T. (1988). Approach to an irregular time series on the basis of the fractal theory. Physica D, 31, 277–283.

Hill, B. M. (1975). A Simple General Approach about the Tail of a Distribution.

Annals of Statistics, 3, 1163–1174.

Hull, J. (1997). Option, Futures, and Other Derivatives. Prentice Hall, 3rd edition.

Hurst, H. E. (1951). Long–term storage capacity of reservoirs. Transactions of the American Society of Civil Engineers, 116, 770–808.

Hurst, S. R., Platen, E., and Rachev, S. T. (1997). Subordinated Market Index Models: A Comparison. Finan. Engin. Japan. Markets, 4, 97–124.

Hurst, S. R., Platen, E., and Rachev, S. T. (1999). Option Pricing for a Logstable Asset Price Model. In Mittnik, S. and Rachev, S. T., editors, Stable Models in Finance. Pergamon Press.

Janicki, A. and Weron, A. (1994). Simulation and Chaotic Behavior of α-stable Stochastic Processes. Marcel Dekker, New York.

Jansen, D. W. and de Vries, C. G. (1983). On the Frequency of Large Stock Returns: Putting Booms and Busts into Perspective. Review of Economics and Statistics, 73, 18–24.

Kadlec, G. B. and Patterson, D. M. (1998). A Transactions Data Analysis of Nonsynchronous Trading. Technical report, Pamplin College of Business, Virginia Polytechnic Institute.

Karandikar, R. L. and Rachev, S. T. (1995). A Generalized Binomial Model and Option Formulae for Subordinated Stock–Price Processes. Probability and Mathematical Statistics, 15, 427–446.

Karandikar, R. L. and Rachev, S. T. (1997). A Generalized Binomial Model and Option Formulae for Subordinated Stock Price Processes. Probability and Mathematical Statistics, 15, 427–446.

Khinchin, A. Y. (1938). Limit Laws for Sums of Independent Random Variables.

ONTI, Moscow.

Kim, J. R., Mittnik, S., and Rachev, S. T. (1997). Econometric Modelling in the presence of heavy–tailed innovations. Communications in Statistics – Stochastic Models, 13, 841–886.

Klebanov, L. and Rachev, S. T. (1996). Integral and asymptotic representations of geo–stable densities. Applied Mathematics Letters, 9, 37–40.

Kon, S. J. (1984). Models of Stock Returns: A Comparison. Journal of Finance, 39, 147–165.

Kwapień, S. and Woycziński, W. A. (1992). Random Series and Stochastic Integrals – Single and Multiple. Springer, New York.

Lee, M. L. T., Rachev, S. T., and Samorodnitsky, G. (1993). Dependence of Stable Random Variables. In Stochastic Inequalities, IMS Lecture Notes 22, pages 219–234.

Lévy-Vehel, J. (1995). Fractal Approaches in Signal Processing. Fractals, 3, 755–775.

Lo, A. (1991). Long-term memory in stock market prices. Econometrica, 59, 1279–1313.

Lüdecke, T. (1997). The Karlsruher Kapitalmarktdatenbank. Technical Report 190, Institut für Entscheidungstheorie und Unternehmensforschung, Universität Karlsruhe.

Mandelbrot, B., Fisher, A., and Calvet, L. (1997). A Multifractal Model of Asset Returns. Technical Report 1164, Cowles Foundation.

Mandelbrot, B. B. (1963). The Variation of Certain Speculative Prices. Journal of Business, 26, 394–419.

Mandelbrot, B. B. and Taqqu, M. S. (1979). Robust R/S analysis of long–run serial correlation. Bulletin of the International Statistical Institute, 48, 69–104.

Mandelbrot, B. B. and van Ness, J. W. (1968). Fractional Brownian motions, fractional noises and applications. SIAM Review, 10(4), 422–437.

Mandelbrot, B. B. and Wallis, J. R. (1969). Robustness of the rescaled range R/S in the measurement of noncyclic long–run statistical dependence. Water Resources Res., 5, 967–988.

Mantegna, R. N. and Stanley, H. E. (1995). Scaling behavior in the dynamics of an economic index. Nature, 376, 46–49.

Marinelli, C., Rachev, S. T., and Roll, R. (1999). Subordinated Exchange Rate Models: Evidence for Heavy Tailed Distributions and Long–Range Dependence. In Mittnik, S. and Rachev, S. T., editors, Stable Models in Finance. Pergamon, New York.

McCulloch, J. H. (1986). Simple consistent estimators of stable distribution parameters. Commun. Statist. – Simula., 15, 1109–1136.

Merton, R. (1973). An Intertemporal Capital Asset Pricing Model. Econometrica, 41, 967–986.

Merton, R. (1976). Option Pricing when Underlying Stock Returns Are Discontinuous. Journal of Financial Economics, 3, 125–144.

Mijnheer, J. L. (1975). Sample path properties of Stable Processes. Mathematical Centre Tracts. Mathematical Centrum, Amsterdam.

Mittnik, S., Paolella, M. S., and Rachev, S. T. (1997). Modeling the Persistence of Conditional Volatilities with GARCH–stable Processes. Technical report, University of California, Santa Barbara.

Mittnik, S. and Rachev, S. T. (1991). Alternative Multivariate Stable Distributions and Their Applications to Financial Modeling. In Cambanis, S., editor, Stable Processes and Related Topics, pages 107–119. Birkäuser, Boston.

Mittnik, S. and Rachev, S. T. (1993). Modeling Asset Returns with Alternative Stable Distributions. Econometric Review, 12, 261–330.

Mittnik, S. and Rachev, S. T. (1996). Tail Estimation of the Stable Index α.

Applied Mathematics Letters, 9, 53–56.

Mittnik, S., Rachev, S. T., and Samorodnitsky, G. (1998). Testing for Structural Breaks in Time Series Regressions with Heavy–tailed Disturbances. Technical report, Department of Statistics and Mathematical Economics, University of Karlsruhe.

Nikias, C. L. and Shao, M. (1996). Signal Processing with Alpha-Stable Distributions. Wiley.

Nolan, J. P. (1997). Numerical calculation of stable densities. Stochastic Models, 4, 759–774.

Nolan, J. P. (1998). Parametrizations and modes of stable distributions. Statistics and Probability Letters, 38, 187–195.

Panorska, A. K., Mittnik, S., and Rachev, S. T. (1995). Stable GARCH models for Financial Time Series. Applied Mathematics Letters, 8, 33–37.

Paxson, V. (1997). Fast, Approximate Synthesis of Fractional Gaussian Noise for Generating Self-Similar Network Traffic. Computer Communication Review, 27, 5–18.

Peters, E. E. (1991). Chaos and Order in the Capital Markets. Wiley & Sons, New York.

Petrov, V. V. (1995). Limit Theorems of Probability Theory. Oxford UP, Oxford.

Pollard, D. (1984). Convergence of Stochastic Processes. Springer, New York.

Press, W. H., Teukolsky, S. A., Vetterling, W. T., and Flannery, B. P. (1992).

Numerical recipes in C. Cambridge UP.

Protter, P. (1990). Stochastic Integration and Differential Equations – A New Approach. Springer, New York.

Rachev, S. T. and Samorodnitsky, G. (1993). Option Pricing Formulae for Speculative Prices Modelled by Subordinated Stochastic Processes. Pliska, 19, 175–190.

Rachev, S. T. and Xin, H. (1993). Test on Association of Random Variables in the Domain of Attraction of Multivariate Stable Law. Probability and Mathematical Statistics, 14, 125–141.

Rogers, L. C. G. (1997). Arbitrage with fractional Brownian motion. Mathematical Finance, 7, 95–105.

Ross, S. A. (1976). The Arbitrage Theory of Capital Asset Pricing. Journal of Economic Theory, 13, 341–360.

Rossi, P. E., editor (1996). Modelling Stock Market Volatility – Bridging the Gap to Continuous Time. Academic Press, New York.

Samorodnitsky, G. and Taqqu, M. S. (1994). Stable non-Gaussian Random Processes: Stochastic Models with Infinite Variance. Chapman and Hall, New York.

Shao, M. and Nikias, C. L. (1993). Signal Processing with fractional lower order moments: stable processes and applications. Proceedings of the IEEE, 81, 984–1010.

Silverman, B. W. (1986). Density Estimation for Statistics and Data Analysis.

Chapman and Hall, New York.

Stock, J. (1988). Estimating Continuous Time Processes subject to Time Deformation. Journal of the American Statistical Association, 83, 77–84.

Tapia, R. A. and Thompson, J. R. (1978). Nonparametric Probability Density Estimation. Johns Hopkins UP.

Tapia, R. A. and Thompson, J. R. (1990). Nonparametric Function Estimation, Modelling, and Simulation. SIAM, Philadelphia.

Taqqu, M. S. and Teverovsky, V. (1997). Robustness of Whittle–type estimates for time series with long–range dependence. Stochastic Models, 13, 723– 757.

Taqqu, M. S. and Teverovsky, V. (1998). On Estimating the Intensity of Long– Range Dependence in Finite and Infinite Variance Time Series. In Adler, R. J., Feldman, R. E., and Taqqu, M. S., editors, A Practical Guide to Heavy Tails. Birkäser, Boston.

Taylor, S. J. (1986). Modelling Financial Time Series. Wiley & Sons, Chichester.

Weron, R. (1996). On the Chambers–Mallows–Stuck method for simulating skewed stable random variables. Statistics and Probability Letters, 28, 165–171.

Willinger, W., Taqqu, M. S., and Teverovsky, V. (1999). Stock market prices and long–range dependence. Finance and Stochastics, 3, 1–13.

Wintner, A. (1936). On a class of Fourier transforms. American Journal of Mathematics, 58, 45–90.

Yamazato, M. (1978). Unimodality of infinitely divisible distributions of class L. Annals of Probability, 6, 523–531.

Ziemba, W. T. (1974). Choosing investment portfolios when the returns have stable distributions. In Hammer, P. L. and Zoulendijl, G., editors, Mathematical Programming in Theory and Practice, pages 443–482. North- Holland.

Zolotarev, V. M. (1966). On representation of stable laws by integrals. Selected Translations in Mathematical Statistics and Probability, 6, 84–88.

Zolotarev, V. M. (1986). One-dimensional stable distributions. American Mathematical Society, Providence, RI.