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Catraxy 1O static meen\ariane analysis, \vary Bw pgpers hae
daaltwith dynamic meen\variance anabysis. H erg the meen\ariane
et dat self.. nendng portdolio strateyy is derived Tor N risky assets
in disaete and aatinuaus time. 1N the disaete setiling the resulting
partiolio is mean\ariance e¢ daitin a dynamic sase. I'tis shoan
that the gotimal strategy Tor N risky asssts may be daninated ifthe
epecied taminal wealth is arstrained 1o exactly atlain a certan
gl insteed of exazeding the goal T he gotimal strategy Tor N risky
assets Gan be decomposad into a baally meen varianee ef datstrak
ay ad a straliegy that asures gotimum diversi.. catian aacss time.
In antirnuas time a dynamically mean\varianae et dent partiolio
is inkesibke due 1 the astrant an the expected bBvel of terminal
wealth. A mad..ed prdblem whaere mean and \variance are determined
act=( wss sohed by R idardsan (1989). T he solutian is disaussed
and greralizad Toramarketwith N risky assets. || asoer; adyrnam
ically qotimal strateyy is presatied Tor the dojective of minimizing
the exqpected quediatic deviation fran a cartain taget el subject
Wagvan meen. T his strategy equak thatofthe . st dojective. T he
strategy é&an be rEintempreted s a wwoTund strategy in the gonth
gotimum poartiolio and the risk free asset
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1 Inoocductian

T he prdblEm ofF minimizing the variance ofwealth at the ed of ae pericd
when the epedialian is aastrainad o a sped...ed gaal hes bean extasively
studied in a static setling since the pianesring pgpers ofll arkonrtz (19 52),

(1959). Surprisingly Itttk hes been said ebautimuli- pericd ordynamicmesn:

aranceaalsis. Tdoin (19 6) sohed Torthe gotimal meen \variance et dant
portiolo in amuli- periad setling underthe assumptian thattthe partioliois
notadjusted acoading 1o newinfomatian oertime. Il assin (19 8) derived
the gotimal strategy by mearns ofF dynemic programnming for eno assets and
O pariads o analyze when myapic bdaiaris gotimal  In the sevaties,

H aassan (1971, 1979), Samuebo (19 71) and other pgpers dealtwith the
guestian whethermaxdmizing the average mean arthe gronth rate ohwealth
is asstaTtwith utiity theay. Subsscuatly there wes an exiasive er

alure an the B|tier gal sinee maximizing the gonth rate is eguinalet
maxamizing the kogarittim of ...nal wealth so that risk is abo aasidared in
the gotimization prdblean. H onever; still many investars regard mean ad
\ariance a6 the relbvant risk messures and managess are jJudged accading to
these partiolio fatures. T he partiolio perfomance is usually not assessed
afteraepeaeriad aran aday o day besis butoera bngerimeperiad. T hus,

inestars e the prabkem ofminimizing the vaeriance ohwealth attthe end of
a precetemined investment harizan gven thait the expedied terminal \valle
mests a cartain gal U ntil the iniestmant haizan, the partioilo may be
rdbalbncd in aself. nenangvway.

In this pgper; the tier prdbEm is dealt with in a disaete time ad in a
antinuas tme setling. T he dynemic meen \variance e¢ dent self..nendng
portiolostrateyy is derived Trn assets.

Inthe disaete time disaete Jpace setting adynamicprogramming gopraedh
yiekks the strategy Whidh minimizes the variance of .. nal wealth every periad
whi ke kegping the eqpecied .. nal wealth at the required bel Itis analyzed
whetherplbdngaaostantan the lonerband aan trevaletobeattained
eactly by the eqpected tarminal wealth Tindementallly drangss the solution.

Itis shonn that the meaen\ariance e¢ datstrategy Torn risky assets Gan
be Tound by decompasing the prdolem inmto tho parts. 4 t..ist the lbally
meen\ariance et dat partiolio is determined and then the stralegy that
asures otimun diversi..catiaon aacss time is denved.

U niortunately, inaontinuous timeadynamically meen\variance et datpare

olo is inkesibe due O the astrant an the eedied bwel of eminal
walth. H onever; a strategy that minimizes the \ariance of ...nal wealth
at the begning of the investtmarit harizan subject o a preceterminaed ...nal
wealth eqpected attime zerois ssible. T he dynamicprogramminggopraadn
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is notsurtebke 1o this pradblem fomulation. R idhardsan (1989), D ui¢e ad
Ridadson (1991), and Kan (1998) decompcse the tier prdolem into a
static qotimizatiaon pradblem ad into amartingalke represatatiaon prcdblEm in
the spirt of P iska (1990). A t..ist the teminal partiolio valle that min

imizes the variane is idati..ed within all pcssibEe terminal valles whidh
atian the reguired epedatian. T hen the admissible strategy that gener

ates this eminal valle is determined using martingpke theary. R idardsan
goplies H ibertspace projectian theary 1 dotain a dossd fam solution Tor
e gotimal trading policy and the variance of terminal wealth Tor a mar

ketwhere there is ae risky assestad a sk fiee bad. A sigitly dic erenit
gopraadh is Eken by Kam (199 8) whoaxsidars n stods and plecss an addi-

taoal astantofnot necativity an ..nal wealth. H onever; apnce is pad
forthe BAttler advantece due 1o the bdk ofFa dosad fam soltion. T he ot

mal policy ofthe madi...ed prdolam is disassed and generalized Toramariet
withn riskyassets. A s timepassss thereedststrateges that bed toa bner
tEeminal variance and higereected \vale. H onever; attime zerg these
strateges do notsatisy the arstrantan the teminal eqedtation.

A Hematinvely the gotimal stratlegy Tor an investar who aotinuacsly min-

mizes the eqpectad quedratic deviation fran a et bel is demed Tarn

assets with an gotimal aontrol gppraadh. T he target bel is setso that the
meen terminal weaalth adhieves a precetermined vale. Ittums autthat this
dojectine keck 1O the sane gotimal pdicy as minimizing the unaoditianal
aane Intersstingly the gotimal strategy Gan be inapreted as a o

Ud strategy, Where the tho Tuncs are the gonth gotimum partiolio and
the risk fiee asset

T he pgperis aganized as Ollons. IN Secian 2.1 the disaete framenak is
presatied. A flieraprdolem fomullion inSectian 22, Sectian 2.3 presarits
the solition Tora market with ae nsky asset Sectiaon 2.4 greralizes the
aablsis Torn stods. In Sectian 31 the basic aotiruas time madel is
presaiied. T he main prdolm is stated in Sectian 32, olloned in Section
32.1. by the desaiptian of the minimum \ariance prablem, ad in Sectian
3.2.2 by the fTamulatian ofFthe minimum deviatiaon prdolem. T he resuls Tor
ae risky assetare presaited in Sectian 3.3.1 and 3.32, respeciinely. Sectian
3.3.3 shons howto dscompcee the gotimal strategy into atho Tund stratey.
T he solutian Torthe ganeral Gse ofn assets is gven in Sedtian 34. Secian
35 anduces.



2 TheDisaeteTimell ockl

21 ThheBasicl okl

T hareedstn corelted assets S ; -5 S, eedh ohwhidh is driven by the same
diss ofdisaete time disaete space processsss. T he (aolumn) vectorofpriass
isdvenby S = (S;S)° with castant mean rate of retum per pericd
1= @ st adasenty = (%) Let§ = %% be the nonsingular

cnaria@ matrix ad %,ﬁe vectar of the ratss of retlum at ime €

Tort = SediSe - SeliSe > Farsimplidty, time pericd ¢ tis setequal
1.

Furthbermare thare edsts a nisk fiee ssaaunty with interestrate r per-periad.
T he marketis ampkEte.

A partiolio strategy is avector aatrol process (W g€ 0);w = (Wi 5wy )°
with w (9 as the tolal anautt ohwealth invested in asset 1 at time tsudh
thatw A with 1 = (1; :31)°is the total anaut ofwealth invested in risky
assets. Itis assumed thatw  is admissibe and nonantidpating

X ¢ denoies the investor's wealth att time tuder the strategy w . T he pare
lois rbalbnad in aself..nenangway.

M il
Xg1 = Wg 1+¢§il +
M il

¢§:1 irl + XL (@+r)

e aw)@+n)

— o
= Wg

22 P rdblEm Statement

T he investar’ dojectine is 10 ..nd a strategy thatt minimizes the \varianae of
waalth at time haizan T subject 1 the costrant that the eqectatian of
taminal waalth is neverbelbwthe galM

var(X+ JX 9= infvar (X7 X ¢) (3)
Sbject©
EXT jXo _M @
T he gotimal strategy is solhved Tarvia dynamic pragramming

ITthe inftial wealth ofthe investarX | exasscs the presatvale of the gl
M thenX, isinested attirely in the risk fiee assetso thatthe investordoes
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not e any risk T he patiolo is not rbalencad ad the ..nal wealth is
Xo(@+ ) _M .Sinethscseistivial itis notdealowith in the segLel

23 Cael:n=1

In amaket with ae stok and a sk free asset. thare is no gotimizatian
prdolEm in aane periad madel because the aastrantdetermines hovmany
shares ofthe nsky assetare tobe baugit H onever; in adynamic franenarkk
thare edsts an gotimizatian prdokem due o dvars..cation aacss time. In
the Olloning the gotimal strategy Wil be determined Torn = 1, sudh that
1=1;8 = %, adw = w:Toaxdd tivialty, itis assumed that® > r:
T he asset Ollons a muliplicative binaomial procsss.

R eaursively soMing prdoleam (1) yiels the gotimal ananttobeinested in
te nisky assstattimeT 1

Y

woT i) = M §XT;:(@+ r))m ©)]

1 gr

Yy =

3/42
A tallpriordaes t< T j 1 the gotimal amauntis gven by

= -~

i T Y
Wn(-D: M ixt(1+ r)Tlt (1+ r)I(TI('El)) 4

1+ %%t

T he minimum variance condiiaed an the inbomation attime T §j 1 ad
W T jl, respectinely is

@

1

var(X + JX t1) = m(M iXt;Q@4 r))z ®)
1 = g
var(X + JX 9 = Mg X+ r)Tit . ©

Wt (L+ %%?%)

T he gotimal amauntinvested in the nsky assetis propatical o the dicer
e of the presatvalle of the goal and wealth. T he codiiaal veriance
and the anauntinvested in the risky assetinaesse With deaessing time
maturty because thereis Ess time Efttoatiain the goal Furthermare both



vabes are the samalkr; the nearer the waalth at the goal and the variance
dearessss When the mean rate of retum inareeses.

T he gotimal strategy asures that the partioio alle never exaaacs the dis
aouried recuired meen \minalvalle (> X 1+ 1) 'Y frallt< T

81 q
- o ¢%‘l -
Xeg1 = W (O S ir +X@+r)
= ~
O3 “ ¢§:1 . 1
= @ M ixt(1+ r)Tlt W+ Xt(1+ F)T'y\(l.}. r)i(Ti(tl))
ad thacsftoe
Xe@+ D) TSN D) X1 @+ ) TE®Dy
deto
i (04
%'%S’ir

1+ %%y, < 0
Torall reelizatias of 2 in acmplete and arbitriege fiee market

T his &n be esslly deded. L et q be the prdoabiity of an uyomoe ad
ktr“ r' bethe rea!zaﬂcr&of%s’ iNn Gse oFan up-Mmowe and donn moe
respectively. Sinee ! jr < 0 in an abitage fiee maket (rY> r >
r'), aly £ = r“hes bbe deded (7) ttenbeames ¢ i) (Y ir) <
W@ ag) rEard< ECS) itrY) r@ i ird< @i
o 'P Eri ) < o

SineeM > X ¢+ r) " Torallt< T, thevariane ((5); (6) is neerpcs
e ifthe investaris abke O meet the gl by investing attirely in bads.
Furthbermare shareselingis nevergotimal T he..nal partioioval e is gven
by

H ]
Xt = woT §1) ¢—§'ir + X131+ 7T1)
H ]
1 ¢S
= M iX7;(@+ r))lir S i + X @+ )

Itexsscs the reguired eqpected \vale in Gaee ofan yp-mowe and is beloil
iNn Gee ofFadonn moe. H ence the qotimal stralegy sais.es attime T 1
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arstrant (2). A tall periak prartT j 1 the minimun varianae policy
that etk o tre patioiovable attime T j 1 is deved.
T he gotimal strategy esures thataastrant (2) is binding

EXr jXo=M

since this kaeds o minimum arance in aampete market

H enaz in amuli- periad framenak there is divarsi..catian aacss time or
n = 1:Itis gotimal oinest kEss in the risky assetwvhen the partioiovalLe
is dose o the required expected .. nalvalLe and when there is mudh time Efit

24 Case2:n>1

In this sectian, prdblem (1) is sobed Trn risky and ane sk free asset

T he gotimal stralegy adhieves an epectied\vale EX 1 JX 9 > M Torsane
stodk price proassses and parametars. even ifthe marketis ampkete. H ov
eer; ITEX 1 JX 9> M no nic Tomula Torthe gotimal partiolio straley
is dotained. In adar o ampare the gotimal strategy Torn assets with
the stratlegy Tor ae aset anly thae gotimal strateges that result in to
EX Tt jJX 9= M aedaltwth.

Thegtmalawmdl\vecos attime T jl adt< T j 1, repectinvely ae
gven by

Ya

=0 iXTaCr Dy

jo]
Wit

= -~

. e Y,
W= M X+ )T @ piCiey 7

1+ %8y @)

Yo= §i1 (1 §rl):

T he aarespading minimum \arianas aaditiaed an the infomatian atc
thmeT jladt T jl, repectively are

_ 1
var(X + JX 131) = m('\/' i X7+ )Y
= .
1

2
Sy — . ENEY:
variis X 9= v v gy | 140
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FarM > X, @+ r) theamauttinested in eech stok is propartiaal 1
the dir eranee of the presatvale of the gal ad the partidiovale. T he
gotimal strategy implies thatwealth never exasscs the presattvale of the
recpiredmeart M > X 1+ 1) "t orallt< T.

Interestingly, the aboe resulitcan albo be derived by decompasing the partio
loprdblem. First the investorsohes Tor the loally meen\ariance et dat
portioio. T he variance of the poartiolio rate of retum per periad is mini-
mized subject 10 the meen rate of retum perperiad baing castraned b a
praceteminedvalbe ! . L ety = (U5 5 Wy) denote the vector of partiolio
wagts i. e the prgparian of wealth inested in eedh asset of the total
waalth invested in the partiolia. T he prdolem tobe sohad is

Yy = muin H%E 1
Sbject©

MBY+ r= 1.
T his yielts the vectar of qotimal partitiownwadts

n: 1PF irl

Y, B Y,
writh the conespading \variance of the rate of retum per-periad ofthe part
oliowth mean rate of retum *

u

3/42 - (1F1: ir)z -

P Y, 8 Y,
Seaodly, gotimization prdblem (1) is sohed Tor just o Tinds, the patio
fowth paameters 1 - ;%i- and the riskfiee asset T he gotimal amaunt
inested in the nsky patiolois detexmined by (cE (4))

3 ~
. s Y
W - M5 X o1+ rTIt 1+ r iiCel) Pr
3 - ”
= M X1+ VAT (1+ )iTiey)__“PE
[ | t( ) ( ) 1+ ]/4(§;|/4
where

1 _1H:ir_ ]/4C§]/4
e = A =

Tee 0T



Casaguantly; the amauntinvested in eech assstw “(Q° is gven by (8).

H enas prdolem (1) Torn assets aan be reducd O a dvarsi. catiat aatss

tme and adivers.. catian aatss assets subprdolEm: First, the bally meen

\ariance e¢ dentpartioliois sohed Tor; sudh that the variance of the rate of
retum is minimized Toragven mean rate of retum. T hereafter; the qotimal
strategy Tor the minimum \ariance chwealth at the investment harizan sub

Jecttoapradeterminaed meen erminalwealth is dotained Toran inesstorwho
inests in two tnds T he bbally meanvarianae e¢ dat partioio and the
riskfree as=t T he reguired mean rate ofretum 1 - does notatier the o

tmal solLitian and Gan be dosen arbirarily: T he anauntohwealth invested
into the lbally meen\ariance et datpatioliois honever; determined by
the required epected terminal weallth.

A s stated eboe strategy (8) is anly gotimal IFEX 1 JX o alnays eadly
ek its bnaerbaundM A pre:lsqjsiieﬁrlh's is that thare are no realiza

tiasofstodkpries suchthat:° *2 jrl _ 1+ %% %. 0 thawse stategy
(8) sohes the madi...ed prdblEm

irfar (Y X 1) ®
Sbject©
EriX 9= . @)

Sinae this madi..ed prdblem aostrars the aaditaal eqected teminal
vale 1 ecactly match gal M |, the partioiovale X ¢ is aboe the presait
valeoftregalll (1+ r)' 9 frsame stodk price patts. H ence in these
s thevariance is pasitive even though ribalending the partioio sudh that
evarythingis invested atthe risk free rate lkecks toadeterministic... nalwealth
thatis eboel . This strategy is dearly caunerintuithve. T here edsts a
strategy nidh resuls in adeterministic ..nalvale eboe the required meen
nalhale H oneer; this strategy is notpursued buta strategy thatinoles
same sk in ader 1 mest the gal ecactly, H ene the gotimal strategy
throns maney anay an aerace

Casaguently vhile soMing prdolem (0) subject 1o the equality castrant
(10) fon = 1 results in the same gotimal portiolio as soMing (0) subject o
ﬁeirﬁqalqmsuqt’lt(z ), the qotimal strategy may dicerfarn > 1 risky
assets. IF0%2 jrl < 1+ %% Y forallstodk price realizatias, then the
solutians ofboth prdolems aandde. 0 thernise the eguality caastrant (10)
is cdliearly not gppropriate Tor investars Who prefer mare wealth 1o kss sinee
Torsame stodk price patts a risky strategy is Tolloned in adertogve maey
anay an aerace. H axe inthe general e itis ineviteble to solhe prablem
Q) wth aastrant ) o dotain a policy whnidh is notdaminated.
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3 TheCatiruas T imell ocel

31 ThheBasicl okl

T hare exdistn conelated stods generated by n indgpendaent B ronnian mo
tas. T he prics ofthese stods are assumed toevole as

S Siw Yo W
E1

wherel; ad¥;; aeastatts ori J= 1; 5n and W is astandard inde
pedenitB ronnian motian. T he marketis frdtiankss.
Furthbermare thare edsts a risk free band whose price evoles acaoding

iB = ¥%Bdt

where ), denoies the aostant risk fiee intlarsst rate.

T he self..nendng portiolio strateyy Is an admissibe and nanantidpating
vector arol process (W g€ 0);w = (Wi z5w,)° with w (9 as the total
amauntofwaalth invested in asset i attime t U nder the stratiegy w ; the
inestor's wealth X | 1olllons the proasss

1S

X" = lﬁ)W +(XW'IE)W-)dB
S el VB

WO 1)+ WX )it wd W

wheret = (1,;:51 )% % = %) andW = (Wy; 5 W, )° denotes astendard
n dmasiaal B ronnian motian de..ned an the aaomp Ete prdosbi ity space.

L et§ = %% be the nansingular mariane matrix ad Ette vedors <
and ¥ be de.ned by

° = %It k1)
Yo= §11 (T jhl) = %ite |

A ccoding O IBs L enma aftindian 2 (LX) thatis at best thice dic exran
tabkinx and axxein tevoles a5
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(2 = a4t ax((Wc§1/4+ X))t WQ/zldW)+ %axxWC§Wdt

T he ganeratar of the wealth procsss an therefare be waitien as

D'a=za+a (wEY%+ hx)+ ;axxWC§Wdt an

32 P rdbkEm Statement

In the disaete ime disaete soae sstiing the terminal variance is dynam:
ically minimized subject o a spad.. ed aonditicnal expected teminal valle.
SaMing this prdolem resuls in ubaunded strateges in aatiruaus time. |F
te patioiovale anirstaitbeae T is belowthe desired aoditiaal meen
M then the gotimal partioilo must axrsist ofan unbaunded numberof risky
assets. T his ek o ubaundd varianee Caseguantly s g as e in
\estar desires a cartain eaedied bvel ohwealth and nota certain expected
rake of retum, a pdicy that esures a anditiaal epected \vable Ml is in
esibke. D ue o this inkesbility, the aotinuas time solution cGanot be
derived by the Emiting Gese of the disaete time solutian and the prdblem
posd is diz erait

In aattinuas time, the investar riequirss a cartain unaonditianal exqpected
tEminalvale sped.ed atdate t= 0, i. e EX 1 JX,) shaudd mest the
gall . A ttimet ( there are noastant an the coditiaal eqected
.nal waalth. T wo direrat atteria are dealt with in thesagel The ..ist
dojectine is O ..d the self.. nendng aotinuausly ribalbncad partiolio that
minimizes the (uaoditiaal) variance var(X + § X o) of terminal wealth
udertte asttanttatEX 1 jX ) beequal M . In the ssaod madel
the eqpedied quedraticdeviatian of the terminal partioiovalle fron atarget
kel is attiruasly minimized. T he target bBel is dosen sudh thaeM  is
a bnerbaund Torthe eqpected .nalnwealth E(X 1 X ):

321 W inmumV atax

T he minimum unacondirtiaal variance o terminal wealth subject to a prece
temined unaoditanal epected terminal patiolio val e is the solutian of
the gotimizatian prablem

var(X r) = irfvar(X ¢ JX,) 12)

11



subject o

EX+3Xo)=M: a3
322 I inimum Q vedraticD evation Haom aT acetl evel
T he inesstar's dojectine is 1O minimize the acoditiaal epectaed guedratic
deviation oferminal wealth from atarget bel | under the rIsstricion that
M is a bnerbardary orthe mean ..malwealth EX 1 JX (). T he goimal

vale functiaon ofthe mean souared deviatiaon and the conrespading strategy
is the solution ofprdolem

i ¢
A= InfE 'Ky §i) XE = inR" () )
subject o

aO;M e>p(§%T)) 0

aEieop(it( i) 0
EXr¥o) - M= 15)
T he ...ist baundary aoditian ersures that all wealth is plecd in the nsk
fiee aset it the inftial wealth equak the presatvale ofttre gallM - The
ssacod aondiition guaraniess that the guedratic deviatian of terminal wealth
fron the taaget b el | is zaro as som a6 the target el an be reedned by
inestingin the sk freeasset. T his baundary conditan presuppasssj > M -

T he gppropriate qotimality ecuation or2 ¥ (gx) is

irf' 2 (€)= 0. 16

A ssuming thatt a solutian edsts thatsatis.es2 , < ;2 > (; the gotimal
antol\edoris gven by

a
W "= arginf" (tx) = ig Y. an

Equatian (17) is plaad in (11) ad (16 : It mmairs o sole the naonlinear
partial dic eratial equatiaon subject 1 the baundary coditias.

33 Caeselin=1

Inthis sectian, the gotimal strategy and valbe Tuncias ofthe tho dojectives
are presaited Torae risky and a sk free assstwith 1 > 4.

12



331 W inmumV atax

R idhardson (1989) sohed the minimum \vartance prdolem (12) forn = 1.
R idhardson does not use an gotimal aardl gppraadh but dscompasess the
prdolEm: T he minimum variance of terminal weallth underthe requiremant
is eplidtly determinad with the heb of aanvex pragramming and H ilbert
Soae projecian theary:. T hen the strategy that ecs 1o the terminal wealth
whidh generaties the minimum \ariance is derved viamartingpke theary. T he
olbnng solutian is presaied Torll > X exp (BT)

M i XoexpT))

vartin) = o =Ty i1
WD = Tep(iH(T i) iX el 8
where
2o Wi X @pC¢T)ep(i=T)
Liep(i=T)
o= %It @ %)
ad

Y= 8§11 @ jh) = %it=
T he minimum variance and the amauntinested in the risky assetinaesse
with deaessing investmatt harizan because thare is Ess time o atfain the
gal Furtrermare the variane and w * deaesse with inaeesing driftand
deaessing instantaneaus ot Kty
W ith the aboe solLitiaon as a starting pant; the codtaal vaeriance of..nal
vaalth is dotained

' i ¢
VarQs X 9= T iX @G 10) oGS T i9) 1 iopGET i 9
ad

i i ¢
var(r §Xo)= 1 iXoew(l/zT)q%ew(idT) TiepGitT . @)
T he waalth pracess when pursuiing strategy (18) evolves acaoading

13



4 X

WY+ %X )& widW

L Iy i} .y ¢ ¢ 1 i} e - ]
h8% Texp(ih(M 19 iXe+ WX (& Gep(i%(T i 91X JW:
T his stodestic dic eratial equation Gan be sohed by standard methods o
yied

i ¢ M T
Xe= 1@t i9) i 100G T iD) iXoeptd op iWei>—t .
)

W

~
O ro

T he coditical epected Eminalvale attime © (

i ¢
EXr X 9=1 i TiXeoG@ i9) op(i® i)

doss notmatch the gal M as kg as the \vale at time tdirers fran its
epected\vale E(X ¢ JX )- H ene the epected ..nal wealth exasas M if
X EX «JX o).

A s stated aboke a strategy that aotinuasly minimizes the \arianae of
teminal wealth subject 1 a gven anditaal eqectied ..nal wealth is in
esibEe  Itis stiking that the investar does ot sicp investing in e
Hsky assetas son as gal M is atfained by inesting in the risk firee a5
stX = M e>p(§%(T §10)). This strategy hes zavo coditaal vaeriance.
R ather; the investar bads autofthe risky assetas soon as

Xe= Top(it@ 19> M exp(i%T iD).

T his seamingly striking investment palicy is caused by asttant (13). IF
the partioio\al e is inested entirely in the sk firee assetas son e X =

M exp(§%(T §19) thenthearstrarntis neversatis. ed since terminalwealth
mewereaaksi . Assana X reades the presaitale of the gal the
iINestorgots autofthe nsky iniesstmentsothetX + = M . Sincertis passibe
thatX « - M exp(i%(T i 9) oralk T thaeedstiealzatias ofX 1 sudh
thatX 1 < M . Hene the eqoected ..nal wealth E(X 1) is belowM  when
pursuingastrategy sudh thatwealth is invested nisk freeas soonas X cequab
the presatvale ofifl .

INBct X ¢= TR i ©) whidh causss no mare risky inestmentt ac
axding 1o the qotimal stralegy (18) requirss W= 1 . T haelre (@macst)
alhays same waalth is inested in the risky asset

14



332 I inimum Q uedraticD evation AFan aT acetl eel

T he minimum aconditianal eqpected guedratic deviation ofX + firan atarget
beli gwenthatEX 1+ jJX ) _ M ad the anespading qotimal strategy
is dared Torn = 1 using a o step procdure. First, the unastraned
prdolEm is sohved with the dynamic pragramming gopraadh (16 ad then
the taget bel | is determined sudh thatcostant (15 wthj > M s
safis.ed.

1. T he solution ofthe nanlinear partial dic erattial equatian is
2(EX9= G iXpGT i) G T i) @D
and the gotimal strategy is gven by
w®= G ep(it T i) iX 9%. (22)

W hen this policy is TOlloned, the partiolio \vale at ime tcn be ex
pressed as

Xe = i@t i?v) 23
8}

T
PGt iD) iXoept®)ep iWei: ot .

2. Theastanta E(X + jX o) novdetermmines e taaget bel  :

-

i ¢
ECTKo) = i iG iXopGT)ep isT _M

) M i XoexpGT)exp (i °T).
b= 159 (i<T) ]

T he gotimal valle Tunction (1) deaessss with deaessing j - T harelae

is setequal © its bnerband such thetj = |. H ene astrateyy that
minimizes the variance of terminal wealth at time t= ( is equivalaittoa
strategy that aontinuausly minimizes the expedied guedratic deviatian fram
atagetbd |, ifthe twostraleges are aastraned toasure the same mean
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333 TwoFudStategy

| ofe that-the gotimal strategy Torboth dojectives Gan beviened as astrategy
in otk the risk fiee assetand the gotimal gonth TUnd. T he gotimal
gonth TUnd maxamizes the mean gonth rate of wealth if a prgportianal
strategy is pursued.

L et (OY « be the anantinested in the nisky assetat time twith Y, baing
the inftial wealth. T he wealth procsss Tor strategy Y + evolves acoording to
QY = Y*G%8Y%+ %) Y "%UdW: (¢2))
T his stodestic dic eratial ecuatian yiels
ML . T 1l
Yé=Yoexp %8+ b RS T RIW

T he solutian ofprdolem
Sp E(HY )
determines the strategy that maxdmizes the mean gonth rate ohnealitx
%= Y :
Strategy (18) is equinalanttoastrategy in the risk free bad and an goimal
gonth Tnd. A timet= (0 the amauntj exp(§%T) is invested in bads,
adtheamant j (j ep(§%T) i X ) isinested in ansky fund. Sinee te
Htier anaunt is necative the Tud is sod shart T he gotimal strategy of
thefudis oinest j%F inthe nsky sssstware Fy = (j exp(§%T) 1 X0)
daokes the inftal ond vale. T he ond vale then Tollons the procsss
IF=F (§%8%+ %)dtiFludW :
Integatiaon etk

vl

5 T
Fe= Foeptigep iWei, "t .

W hen pursuing the o TUNd strategy the partolio \valLe at time theaones
(20):

16



M T
Xe= i (i i9) i (ep(ikT) i X )exp®hex i‘Wti?dt .

T he investor determines inftially ho/v mudh wealth is pleced into the nisk
free TUNd and hovmudh ofthe risky Tud is sad shart. T heregfiey; he oy
rebalncss the risky TUnd. Since the Tud is sod shartad the Tund invests
i%F inthe rnisky asset the investor actiually pursues the gronth gotimum
strategy Ui F .

T his gonth gotimum strategy not anly maxdmizes the meen gonth rate
of wealth but alo minimizes the exqpecied time O readh a cartain gal es
I erton (1990, Chepter§ shons. A dually the investor’s goal 1o be reedned
is a bl ohwealth that rieguilress nomare risky investmeantand therefore hes
zaxo anditical variana. P ursuing the gronth gotimum  strategy Whereby
inesting alll wealth leds 1 mean teminal wealth (see (24)):

1 ii. ¢¢
EQXLKo)=Xoop 'S+ % T 6M :

H enc2 acartain anaunthes tobeinvested in the risk firee assetsudn thatthe
arstrantissatis. ed. T he ramainingpartis invested accoding tothe gronvih
gotimum strategy. T he anauntto beinvested tums auttobe j . 0 bvasly
this mixed strategy bads o a bnenariance then the pure gronth gotimum
stakegy.

34 Case2:n>1

T he prdolem ofaotinuausly minimizing the eqpected guediratic deviatian of
X+ fan atarigetbe j gventaetEX 1+ jX ) _ M issohed Torn risky
assets. T he tnostep procedure is tesameas Tarn = 1.

1. T he nonlinearpartial dic erantial ecpation (16 yiels the gotimalvale
[ 3geilep
2EX 9= (i iX PG i) op(i%E% T i)
where
Vo= §11 (X jhl) = %ite.
T he gotimal acontrol vedtoris gven by

we= G ep(i%@ i) iX Q%. (25)
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2. In adar © determine the minimum t&aget bel | that satis..es the
astranta EX 1 jX ), the wealth proess is dervedt

Xe = iep(i%d i)
M 3 il
G ot i0) iX,op¢D)ep i* Wi %Sut .

T he gotimal taxcet el

M i Xoep®T)ex (i%8%T)
- 1 g (i%8%T)

llons fion

EXr3Xo)= i iG iXoexp@®T)exp (i%E%T) M .

Sinee maxdmizing¥: % ¥ minimizes thevalle fndian, prdolem (14) om > 1
can be mntapreted as tho suboprdolams 1o be sohad sequentially es in the
dsaetetimesstiing Ina.. 1iststep, theirstataneas mean\aranaeet dait
partiolois derived. T he instartaneaus varianae of a portiolio is minimized
Slbject o agven irstarteneas dift? -l etp = (U5 = o) be the vedtor
ofpatidiovnadts. In aderto..nd the e¢ daettpartiolio the prdblem

%ihe = miNpE p
u
subject o
1= p8%+ %
is sohed. T his lecs 1o the veckor oF gotimal partitiowadghts

o __ 1PF irl

= Vs .
H Y, 8 Y, )
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Inasaaod step, prdblam (14) is sohed Tor justtno Unds, the instantaneas
meen\ariance et dentportioioand the sk fiee asset T he gotimalamaunt
inested in the patioliois

1 =

W= G op(it( i) iX )T

‘PE

T he anauntinested in eech assetw “(HU” is then gven by (2 5).
T he ganeral sdlutian o the minimum varianae pradblem (12) éan be derived
in an analogous Way.
4 Caxdbiseian
In adisaete time sstling the dyrnemically meen\ariance et dent partiolio
is demed. In a madel with anly ae nsky asset. pleang a loner baund
an the meen erminal wealth yieks the same solitiaon as restricting mean
teminal wealth 1 ecadtly mesta cartain gal 0 thernise these dic eranic
prdblen fomulatias matierand may resultin dic eratqotimal strateges.
Castraning mean terminal wealth 1o adhieve the gaal exactly may ked O
dominatied polides. Itis shonn hovthe meen variance et daentstrategy Taom
Hsky assets Gan be decompasad intoa loally meen \ariance e¢ dantstrategy
ad astraleyy thatdvers...es sk aatss ime.
In aaotiruous time setling a dynamically meen\ariance e¢ dantpartioio
is inesibke. T he soltian 1O the prdolen ofFminimizing the unacodiiaal
\ariance when the unaoditianal epected teminal wealth is suppasad o
eactly matth acertain gal is disaussad. Furttermare, the qotimal straiey
ofan investorwho antinuacsly minimizes the eqpected guedratic deviation
fron atarget b elis damed. T hetarget b elis setso thattthe uncoditiaal
eqpaected teminal wealth attairs a sped..ed gal T he resuling stratey
s autobe thesameas tatofthe .. Istdojectine. || aeoer; thestrategy

G be rEnterpreted ss a thoTund strategy Wherdby the who Tunds are the
gonth gotimum portiolio and the risk firee assst
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