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A bstract

Contrarytostaticmean-varianceanalysis, veryfewpapers have
dealtwithdynamicmean-varianceanalysis. H ere, themean-variance
e¢cientself-…nancingportfoliostrategy is derivedfornriskyassets
indiscreteandcontinuoustime. Inthediscretesetting, theresulting
portfoliois mean-variancee¢cientin adynamicsense. Itis shown
thattheoptimalstrategyfornriskyassetsmaybedominatedifthe
expected terminalwealth is constrained toexactlyattain acertain
goalinsteadofexceedingthegoal. T heoptimalstrategyfornrisky
assetscanbedecomposedintoalocallymean-variancee¢cientstrat-
egyandastrategythatensuresoptimum diversi…cationacross time.
In continuous time, a dynamically mean-variance e¢cientportfolio
is infeasibleduetotheconstraintontheexpected levelofterminal
wealth. A modi…edproblemwheremeanandvariancearedetermined
att= 0 was solvedbyR ichardson(19 8 9 ). T hesolution is discussed
andgeneralizedforamarketwithnriskyassets. M oreover, adynam-
ically optimalstrategy is presented fortheobjectiveofminimizing
theexpectedquadraticdeviation from acertain targetlevelsubject
toagivenmean. T hisstrategyequalsthatofthe…rstobjective. T he
strategy can bereinterpreted as atwo-fund strategy in thegrowth
optimum portfolioandtherisk-freeasset.

JEL SubjectClassi…cation: C61 G 11
KeyW ords: D ynamicO ptimization, G rowthO ptimum Portfo-

lio, M ean-Variance-E¢ciency, M inimum D eviation, O ptimalControl,
PortfolioSelection, Two-FundT heorem.
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1 Introduction
T heproblem ofminimizingthevarianceofwealthattheendofoneperiod
whentheexpectationisconstrainedtoaspeci…edgoalhasbeenextensively
studiedinastaticsettingsincethepioneeringpapersofM arkowitz (19 52),
(19 59 ). Surprisinglylittlehasbeensaidaboutmulti-periodordynamicmean-
varianceanalysis. Tobin(19 65)solvedfortheoptimalmean-variancee¢cient
portfolioinamulti-periodsettingundertheassumptionthattheportfoliois
notadjustedaccordingtonewinformationovertime. M ossin(19 68)derived
theoptimalstrategybymeansofdynamicprogrammingfortwoassetsand
twoperiods toanalyzewhenmyopicbehavioris optimal. Intheseventies,
H akansson(19 7 1, 19 7 9 ), Samuelson(19 7 1) andotherpapersdealtwiththe
questionwhethermaximizingtheaveragemeanorthegrowthrateofwealth
isconsistentwithutilitytheory. Subsequently, therewasanextensiveliter-
atureonthelattergoalsincemaximizingthegrowthrate is equivalentto
maximizingthelogarithm of…nalwealth sothatriskis alsoconsidered in
theoptimizationproblem. H owever, stillmany investors regardmeanand
varianceastherelevantriskmeasuresandmanagersarejudgedaccordingto
theseportfoliofeatures. T heportfolioperformance is usuallynotassessed
afteroneperiodoronaday-to-daybasisbutoveralongertimeperiod. T hus,
investorsfacetheproblemofminimizingthevarianceofwealthattheendof
apredeterminedinvestmenthorizongiventhattheexpectedterminalvalue
meets acertain goal. U ntilthe investmenthorizon, theportfoliomaybe
rebalancedinaself-…nancingway.
In this paper, thelatterproblem is dealtwith inadiscretetimeand ina
continuoustimesetting. T hedynamicmean-variancee¢cientself-…nancing
portfoliostrategyisderivedforn assets.
Inthediscretetimediscretespacesetting, adynamicprogrammingapproach
yieldsthestrategywhichminimizesthevarianceof…nalwealtheveryperiod
whilekeepingtheexpected…nalwealthattherequiredlevel. Itisanalyzed
whetherplacingaconstraintonthelowerboundoronthevaluetobeattained
exactlybytheexpectedterminalwealthfundamentallychangesthesolution.
Itis shownthatthemean-variancee¢cientstrategyforn riskyassets can
befoundbydecomposingtheproblem intotwoparts. A t…rst, thelocally
mean-variancee¢cientportfoliois determined, andthenthestrategythat
ensuresoptimumdiversi…cationacrosstimeisderived.
U nfortunately, incontinuoustimeadynamicallymean-variancee¢cientport-
folio is infeasible due totheconstrainton the expected levelofterminal
wealth. H owever, a strategy thatminimizes the variance of…nalwealth
atthebeginningoftheinvestmenthorizonsubjecttoapredetermined…nal
wealthexpectedattimezeroisfeasible. T hedynamicprogrammingapproach
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is notsuitabletothis problem formulation. R ichardson (19 8 9 ), D u¢eand
R ichardson (19 9 1), andKorn (19 9 8) decomposethelatterproblem intoa
staticoptimizationproblemandintoamartingalerepresentationproblem in
thespiritofPliska(19 9 0). A t…rst, theterminalportfoliovaluethatmin-
imizes the variance is identi…ed within allpossible terminalvalues which
attaintherequiredexpectation. T hen, theadmissiblestrategythatgener-
atesthisterminalvalueisdeterminedusingmartingaletheory. R ichardson
applies H ilbertspaceprojectiontheorytoobtainaclosed-form solutionfor
theoptimaltradingpolicyandthevarianceofterminalwealth foramar-
ketwherethereisoneriskyassetandarisk-freebond. A slightlydi¤erent
approachistakenbyKorn(19 9 8)whoconsidersn stocksandplacesanaddi-
tionalconstraintofnon-negativityon…nalwealth. H owever, apriceis paid
forthelatteradvantageduetothelackofaclosed-form solution. T heopti-
malpolicyofthemodi…edproblem isdiscussedandgeneralizedforamarket
withn riskyassets. A stimepasses, thereexiststrategiesthatleadtoalower
terminalvarianceandhigherexpectedvalue. H owever, attimezero, these
strategiesdonotsatisfytheconstraintontheterminalexpectation.
A lternatively, theoptimalstrategyforan investorwhocontinuouslymini-
mizes theexpectedquadraticdeviationfrom atargetlevelis derivedforn
assetswithanoptimalcontrolapproach. T hetargetlevelis setsothatthe
meanterminalwealthachievesapredeterminedvalue. Itturnsoutthatthis
objectiveleadstothesameoptimalpolicyasminimizingtheunconditional
variance. Interestingly, theoptimalstrategycan be interpretedas atwo-
fundstrategy, wherethetwofunds arethegrowthoptimum portfolioand
therisk-freeasset.
T hepaperis organizedasfollows. In Section2.1 thediscreteframeworkis
presented. A fteraproblem formulationinSection2.2, Section2.3presents
thesolutionforamarketwithoneriskyasset. Section 2.4 generalizes the
analysis forn stocks. In Section 3.1 the basiccontinuous timemodelis
presented. T hemain problem is stated in Section3.2, followed in Section
3.2.1. bythedescriptionoftheminimum varianceproblem, andinSection
3.2.2 bytheformulationoftheminimumdeviationproblem. Theresultsfor
oneriskyassetarepresentedinSection3.3.1 and3.3.2, respectively.Section
3.3.3showshowtodecomposetheoptimalstrategyintoatwo-fundstrategy.
T hesolutionforthegeneralcaseofn assets isgiveninSection3.4. Section
3.5 concludes.
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2 TheD iscreteT imeM odel
2.1 TheB asicM odel
T hereexistn correlatedassetsS1;::;Sn eachofwhichisdrivenbythesame
classofdiscretetimediscretespaceprocesses. T he(column)vectorofprices
is given byS = (S1;::;Sn)

0withconstantmeanrateofreturn perperiod
¹ = (¹1;::;¹n)

0andconstant¾ = (¾)ij. L et§ = ¾0¾ bethenon-singular
covariancematrix, and ¢ St+ 1

St
the vectorofthe rates ofreturn attime t

¢ St+ 1
St

=
³
Sit+ 1¡Sit

Sit
;::;Snt+ 1¡SntSnt

0́
. Forsimplicity, timeperiod¢ tis setequal

to1.
Furthermore, thereexistsarisk-freesecuritywithinterestrater perperiod.
T hemarketiscomplete.
A portfoliostrategyis avectorcontrolprocess (w t;t¸ 0 );w = (wi;::;w n)0
with wi(t) as thetotalamountofwealth invested inassetiattimetsuch
thatw 01 with 1 = (1;::;1)0 is thetotalamountofwealth invested inrisky
assets. Itisassumedthatw isadmissibleandnon-anticipating.
X w

t denotestheinvestor‘swealthattimetunderthestrategyw . T heport-
folioisrebalancedinaself-…nancingway:

X w
t+ 1 = w 0t

µ
1 +

¢ St+ 1
St

¶
+ (X w

t ¡w 0t1)(1 + r)

= w 0t

µ
¢ St+ 1
St

¡r1
¶
+ X w

t (1 + r)

2.2 ProblemStatement
T heinvestor’objectiveis to…ndastrategythatminimizes thevarianceof
wealthattimehorizonT subjecttotheconstraintthattheexpectationof
terminalwealth isneverbelowthegoalM :

var(X T jX t) = inf
w
var (X w

T jX w
t ) (1)

subjectto

E(X T jX t)¸M (2)

T heoptimalstrategyissolvedforviadynamicprogramming.
IftheinitialwealthoftheinvestorX 0 exceedsthepresentvalueofthegoal
M thenX 0 is investedentirelyintherisk-freeassetsothattheinvestordoes

4



notfaceanyrisk. T heportfoliois notrebalanced and the…nalwealth is
X 0 (1 + r)T ¸M . Sincethiscaseistrivial, itisnotdealtwithinthesequel.

2.3 Case1: n = 1
In amarketwithonestockandarisk-freeasset, there is nooptimization
problem inaoneperiodmodelbecausetheconstraintdetermineshowmany
sharesoftheriskyassetaretobebought. H owever, inadynamicframework
thereexists anoptimizationproblem duetodiversi…cationacross time. In
thefollowing, theoptimalstrategywillbedeterminedforn = 1, suchthat
¹ = ¹; § = ¾ 2 , andw = w:Toavoidtriviality, itis assumedthat¹ > r:
T heassetfollowsamultiplicativebinomialprocess.
R ecursivelysolvingproblem (1) yieldstheoptimalamounttobeinvestedin
theriskyassetattimeT ¡1

w¤(T¡1) = (M ¡X T¡1 (1 + r))
¼

¼¾ 2 ¼
(3)

where

¼ =
¹ ¡r
¾ 2

:

A tallpriordatest< T ¡1 theoptimalamountisgivenby

w¤(t) =
³
M ¡X t(1 + r)T¡t́ (1 + r)¡(T¡(t+ 1))

¼
1 + ¼¾ 2 ¼

(4)

T heminimum varianceconditionedonthe informationattimeT ¡1 and
t< T ¡1, respectively, is

var(X T jX T¡1) =
1

¼¾ 2 ¼
(M ¡X T¡1 (1 + r))2 (5)

var(X T jX t) =
1

¼¾ 2 ¼ (1 + ¼¾ 2 ¼)

³
M ¡X t(1 + r)T¡t́

2
. (6)

Theoptimalamountinvestedintheriskyassetisproportionaltothedi¤er-
enceofthepresentvalueofthegoalandwealth. T heconditionalvariance
andtheamountinvestedintheriskyassetincreasewithdecreasingtimeto
maturitybecausethereislesstimelefttoattainthegoal. Furthermore, both
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values arethesmaller, thenearerthewealthatthegoal, andthevariance
decreaseswhenthemeanrateofreturnincreases.
T heoptimalstrategyensuresthattheportfoliovalueneverexceedsthedis-
countedrequiredmeanterminalvalue(M > X t(1 + r)T¡t) forallt< T :

X t+ 1 = w¤(t)
µ
¢ St+ 1
St

¡r
¶
+ X t(1 + r)

=

0
@
³
M ¡X t(1 + r)T¡t́

¼
³
¢ St+ 1
St

¡r
´

1 + ¼¾ 2 ¼
+ X t(1+ r)T¡t

1
A (1+ r)¡(T¡(t+ 1))

andtherefore

X t(1 + r)T¡t< M ) X t+ 1 (1 + r)T¡(t+ 1) < M

dueto

¼
¡
¢ S
S ¡r

¢

1 + ¼¾ 2 ¼
< 1 (7 )

forallrealizationsof¢ SS inacompleteandarbitrage-freemarket.
T his can beeasilychecked. L etq betheprobabilityofanup-move, and
letru; rd betherealizationsof ¢ S

S incaseofanup-moveanddownmove,
respectively. Since

¡
rd ¡r

¢
< 0 in an arbitrage-freemarket( ru > r >

rd ), only ¢ S
S = ruhas tobechecked. (7) thenbecomes (¹ ¡r)(ru¡r) <

¾ 2 + (¹ ¡r)2 ) r (¹ ¡ru) < E(¢ SS
2 )¡¹ru) r(1¡q)(rd ¡ru) < (1¡

q)rd
¡
rd ¡ru

¢
) rd < r: ¤

SinceM > X t(1 + r)T¡tforallt< T , thevariance((5);(6)) is neverpos-
itiveiftheinvestoris abletomeetthegoalbyinvestingentirelyinbonds.
Furthermore, short-sellingisneveroptimal. T he…nalportfoliovalueisgiven
by

X T = w ¤(T¡1)
µ
¢ S
S
¡r

¶
+ X T¡1 (1 + r)

= (M ¡X T¡1 (1 + r))
1

¹ ¡r

µ
¢ S
S
¡r

¶
+ X T¡1 (1 + r):

Itexceedstherequiredexpectedvalueincaseofanup-moveandisbelowM
incaseofadownmove. H ence, theoptimalstrategysatis…esattimeT ¡1
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constraint(2). A tallperiods priortoT ¡1 theminimum variancepolicy
thatleadstotheportfoliovalueattimeT ¡1 isderived.
T heoptimalstrategyensuresthatconstraint(2) isbinding

E(X T jX t) = M

sincethisleadstominimumvarianceinacompletemarket.
H ence, inamulti-periodframework, thereis diversi…cationacross timefor
n = 1:Itisoptimaltoinvestless intheriskyassetwhentheportfoliovalue
isclosetotherequiredexpected…nalvalueandwhenthereismuchtimeleft.

2.4 Case2: n > 1
Inthis section, problem (1) issolvedforn riskyandonerisk-freeasset.
T heoptimalstrategyachievesanexpectedvalueE(X T jX t) > M forsome
stockpriceprocessesandparameters. evenifthemarketiscomplete. H ow-
ever, ifE(X T jX t) > M no’nice’formulafortheoptimalportfoliostrategy
is obtained. In ordertocompare theoptimalstrategy forn assets with
the strategy foroneasset, only those optimalstrategies thatresultin to
E(X T jX t) = M aredealtwith.
T heoptimalcontrolvectorsattimeT ¡1 andt< T ¡1, respectivelyare
givenby

w ¤T¡1 = (M ¡X T¡1 (1 + r))
¼

¼0§¼

w ¤t =
³
M ¡X t(1 + r)T¡t́ (1 + r)¡(T¡(t+ 1))

¼
1 + ¼0§ ¼

(8)

where

¼ = § ¡1 (¹¡r1):

T he correspondingminimum variances conditioned on the information at
timeT ¡1 andt< T ¡1, respectivelyare

var(X T jX T¡1) =
1

¼0§¼
(M ¡X T¡1 (1 + r))2

var(X T jX t) =
1

¼0§¼ (1 + ¼0§¼)

³
M ¡X t(1 + r)T¡t́

2
.
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ForM > X 0 (1 + r)T theamountinvested ineach stockis proportionalto
thedi¤erenceofthepresentvalueofthegoalandtheportfoliovalue. T he
optimalstrategyimpliesthatwealthneverexceedsthepresentvalueofthe
requiredmean: M > X t(1 + r)T¡tforallt< T.
Interestingly, theaboveresultcanalsobederivedbydecomposingtheportfo-
lioproblem. First, theinvestorsolvesforthelocallymean-variancee¢cient
portfolio. T hevarianceoftheportfoliorateofreturn perperiod is mini-
mizedsubjecttothemeanrateofreturnperperiodbeingconstrainedtoa
predeterminedvalue¹PF. L etµ = (µi;::; µn) denotethevectorofportfolio
weights, i. e. theproportionofwealth invested ineachassetofthetotal
wealthinvestedintheportfolio. T heproblemtobesolvedis

¾ 2PF = minµ
µ0§µ

subjectto

µ0§¼ + r = ¹PF.

T hisyieldsthevectorofoptimalportfolioweights

µ¤=
¹PF ¡r
¼0§¼

¼

withthecorrespondingvarianceoftherateofreturnperperiodoftheport-
foliowithmeanrateofreturn¹PF

¾ 2PF =
(¹PF ¡r)2

¼0§ ¼
:

Secondly, optimizationproblem (1) is solvedforjusttwofunds, theportfo-
liowithparameters ¹PF ;¾ 2PF andtherisk-freeasset. T heoptimalamount
investedintheriskyportfolioisdeterminedby(cf. (4))

w¤(t) =
³
M ¡X t(1 + r)T¡t́ (1 + r)¡(T¡(t+ 1))

¼PF
1 + ¼PF¾ 2PF¼PF

=
³
M ¡X t(1 + r)T¡t́ (1 + r)¡(T¡(t+ 1))

¼PF
1 + ¼0§ ¼

where

¼PF =
¹PF ¡r
¾ 2PF

=
¼0§¼
¹PF ¡r

.
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Consequently, theamountinvestedineachassetw¤(t)µ¤ isgivenby(8).
H ence, problem (1) forn assets canbereducedtoadiversi…cation-across-
timeandadiversi…cation-across-assetssubproblem: First, thelocallymean-
variancee¢cientportfoliois solvedfor, suchthatthevarianceoftherateof
returnisminimizedforagivenmeanrateofreturn. T hereafter, theoptimal
strategyfortheminimumvarianceofwealthattheinvestmenthorizonsub-
jecttoapredeterminedmeanterminalwealthisobtainedforaninvestorwho
invests in twofunds: T helocallymean-variancee¢cientportfolioandthe
risk-freeasset. T herequiredmeanrateofreturn¹PF doesnotentertheop-
timalsolutionandcanbechosenarbitrarily. T heamountofwealthinvested
intothelocallymean-variancee¢cientportfoliois, however, determinedby
therequiredexpectedterminalwealth.
A s statedabove, strategy(8) is onlyoptimalifE(X T jX t) always exactly
equalsitslowerboundM . A prerequisiteforthisisthattherearenorealiza-
tionsofstockpricessuchthat¼0

¡¢ S
S ¡r1

¢
¸1+ ¼0§ ¼. O therwise, strategy

(8) solvesthemodi…edproblem

inf
w
var (X w

T jX w
t ) (9 )

subjectto

E(X T jX t) = M . (10)

Since this modi…ed problem constrains the conditionalexpected terminal
valuetoexactlymatchgoalM , theportfoliovalueX t is abovethepresent
valueofthegoalM (1 + r)¡(T¡t) forsomestockpricepaths. H ence, inthese
casesthevarianceispositiveeventhoughrebalancingtheportfoliosuchthat
everythingisinvestedattherisk-freerateleadstoadeterministic…nalwealth
thatis above M . T his strategyis clearlycounter-intuitive. T hereexists a
strategywhichresultsinadeterministic…nalvalueabovetherequiredmean
…nalvalue. H owever, thisstrategyisnotpursuedbutastrategythatinvolves
somerisk in ordertomeetthegoalexactly. H ence, theoptimalstrategy
throwsmoneyawayonaverage.
Consequently, whilesolvingproblem (9 ) subjecttotheequalityconstraint
(10 ) forn = 1 results inthesameoptimalportfolioassolving(9 ) subjectto
theinequalityconstraint(2 ), theoptimalstrategymaydi¤erforn > 1 risky
assets. If¼0

¡¢ S
S ¡r1

¢
< 1 + ¼0§ ¼ forallstockpricerealizations, thenthe

solutionsofbothproblemscoincide. O therwise, theequalityconstraint(10)
is clearlynotappropriateforinvestorswhoprefermorewealthtolesssince
forsomestockpricepathsariskystrategyisfollowedinordertogivemoney
awayonaverage. H ence, inthegeneralcase, itisinevitabletosolveproblem
(1)withconstraint(2 ) toobtainapolicywhichisnotdominated.
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3 TheContinuousT imeM odel
3.1 TheB asicM odel
T hereexistn correlatedstocks generatedby n independentBrownianmo-
tions. T hepricesofthesestocksareassumedtoevolveas

d Si= Si¹id t+
nP

j= 1
¾ijd Wj

where¹iand¾ijareconstants fori;j= 1;::;n andWj is astandardinde-
pendentBrownianmotion. T hemarketisfrictionless.
Furthermore, thereexistsarisk-freebondwhosepriceevolvesaccordingto

d B = ½B d t

where½ denotestheconstantrisk-freeinterestrate.
T he self-…nancingportfoliostrategy is an admissibleandnon-anticipating
vectorcontrolprocess (w t;t¸ 0 );w = (wi;:::;w n)0with wi(t) as thetotal
amountofwealth invested inassetiattimet. U nderthestrategyw ; the
investor’swealthX w

t followstheprocess

d X w =
nP
i= 1

wi
d Si
Si

+ (X w ¡
nP
i= 1

wi)
d B
B

= (w 0(¹¡½1)+ ½X w )d t+ w 0¾d W

where¹ = (¹ 1;:::;¹n)0, ¾ = (¾)ij, andW = (W 1;::;W n)0denotesastandard
n dimensionalBrownianmotionde…nedonthecompleteprobabilityspace.
L et§ = ¾0¾ bethenon-singularcovariancematrix, andletthevectors°
and¼ bede…nedby

° = ¾¡1 (¹¡½1)

¼ = § ¡1 (¹¡½1) = ¾¡1° .

A ccordingtoItô’s L emma, afunctionª (t;x)thatisatleasttwicedi¤eren-
tiableinx andonceintevolvesas
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d ª = ª td t+ ª x ((w 0§¼ + ½x)d t+ w 0¾d W )+
1
2
ª xxw 0§ w d t:

T hegeneratorofthewealthprocesscanthereforebewrittenas

Dw ª = ª t+ ª x (w 0§¼ + ½x)+
1
2
ª xxw 0§ w d t. (11)

3.2 ProblemStatement
Inthediscretetimediscretespacesetting, theterminalvarianceisdynam-
icallyminimizedsubjecttoaspeci…edconditionalexpectedterminalvalue.
Solvingthis problem results inunboundedstrategies incontinuoustime. If
theportfoliovalueaninstantbeforeT isbelowthedesiredconditionalmean
M thentheoptimalportfoliomustconsistofanunboundednumberofrisky
assets. T his leadstounboundedvariance. Consequently, as longasthein-
vestordesiresacertainexpectedlevelofwealthandnotacertainexpected
rateofreturn, apolicythatensures aconditionalexpectedvalue M is in-
feasible. D uetothis infeasibility, thecontinuous timesolutioncannotbe
derivedbythelimitingcaseofthediscretetimesolutionandtheproblem
posedisdi¤erent.
In continuous time, the investorrequires acertain unconditionalexpected
terminalvaluespeci…edatdatet= 0 , i. e. E(X T jX 0 ) shouldmeetthe
goalM . A ttimet> 0 therearenoconstraintsontheconditionalexpected
…nalwealth. Twodi¤erentcriteriaaredealtwith in thesequel. T he…rst
objectiveis to…ndtheself-…nancingcontinuouslyrebalancedportfoliothat
minimizes the (unconditional) variance var(X T jX 0 ) ofterminalwealth
undertheconstraintthatE(X T jX 0 ) beequaltoM . Inthesecondmodel,
theexpectedquadraticdeviationoftheterminalportfoliovaluefromatarget
level¡ iscontinuouslyminimized. T hetargetlevelischosensuchthatM is
alowerboundfortheexpected…nalwealthE(X T jX 0 ):

3.2.1 M inimumVariance

T heminimumunconditionalvarianceofterminalwealthsubjecttoaprede-
terminedunconditionalexpectedterminalportfoliovalueis thesolutionof
theoptimizationproblem

var(X T) = inf
w
var(X w

T jX 0 ) (12)
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subjectto

E(X T jX 0 ) = M : (13)

3.2.2 M inimumQ uadraticD eviationFromaTargetL evel

T he investor‘s objective is tominimizetheconditionalexpectedquadratic
deviation ofterminalwealthfromatargetlevel¡ undertherestrictionthat
M isalowerboundaryforthemean…nalwealthE(X T jX 0 ). T heoptimal
valuefunctionofthemeansquareddeviationandthecorrespondingstrategy
isthesolutionofproblem

ª (t;x) = inf
w
E

¡
(X w

T ¡¡)2 jX w
t

¢
= inf

w
ª w (t;x) (14)

subjectto

ª (0 ;M exp(¡½T)) = 0
ª (t;¡ exp(¡½ (T ¡t))) = 0

E(X TjX 0 ) ¸ M : (15)

T he…rstboundaryconditionensures thatallwealth is placed in therisk-
freeassetiftheinitialwealthequals thepresentvalueofthegoalM . T he
secondconditionguaranteesthatthequadraticdeviationofterminalwealth
fromthetargetlevel¡ is zeroassoonasthetargetlevelcanbereachedby
investingintherisk-freeasset. T hisboundaryconditionpresupposes¡ > M :
T heappropriateoptimalityequationforª w (t;x) is

inf
w
Dw ª (t;x) = 0 . (16)

A ssumingthatasolutionexiststhatsatis…es ª x < 0 ;ª xx > 0 ; theoptimal
controlvectorisgivenby

w ¤= arginf
w
ª w (t;x) = ¡ª x

ª xx
¼. (17 )

Equation (17 ) is placedin (11) and (16):Itremains tosolvethenonlinear
partialdi¤erentialequationsubjecttotheboundaryconditions.

3.3 Case1: n = 1
Inthissection, theoptimalstrategyandvaluefunctionsofthetwoobjectives
arepresentedforoneriskyandarisk-freeassetwith¹ > ½.
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3.3.1 M inimumVariance

R ichardson (19 89 ) solved theminimum varianceproblem (12) forn = 1.
R ichardsondoes notuseanoptimalcontrolapproachbutdecomposes the
problem: T heminimum varianceofterminalwealthundertherequirement
is explicitlydeterminedwiththehelp ofconvexprogrammingand H ilbert
spaceprojectiontheory. T hen, thestrategythatleadstotheterminalwealth
whichgeneratestheminimumvarianceisderivedviamartingaletheory. T he
followingsolutionispresentedforM > X 0 exp(½T)

var(X T) =
(M ¡X 0 exp(½T))

2

exp (°2 T)¡1

w¤(t) =
¡¹¡ exp(¡½(T ¡t))¡X t

¢
¼ (18)

where

¹¡ =
M ¡X 0 exp(½T)exp(¡°2 T)

1¡exp(¡°2 T)

°= ¾¡1 (¹¡½)

and

¼ = § ¡1 (¹¡½) = ¾¡1°.

T heminimum varianceandtheamountinvestedintheriskyassetincrease
withdecreasinginvestmenthorizonbecausethereis less timetoattainthe
goal. Furthermore, thevarianceand w¤ decreasewith increasingdriftand
decreasinginstantaneousvolatility.
W iththeabovesolutionasastartingpoint, theconditionalvarianceof…nal
wealthisobtained

var(X T jX t) =
¡¹¡ ¡X texp(½(T ¡t))

¢2 exp(¡°2 (T ¡t))
¡
1¡exp(¡°2 (T ¡t)

¢

and

var(X T jX 0) =
¡¹¡¡X 0 exp(½T)

¢2 exp(¡°2 T)
¡
1¡exp(¡°2 T

¢
. (19 )

T hewealthprocesswhenpursuingstrategy(18) evolvesaccordingto
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d X = (w § ¼ + ½X )d t+ w ¾d W

=
¡
¼§ ¼

¡¹¡ exp(¡½(T ¡t)¡X t
¢
+ ½X

¢
d t+ °(¹¡ exp(¡½(T ¡t)¡X t)d W:

T his stochasticdi¤erentialequationcanbesolvedbystandardmethods to
yield

X t= ¹¡ exp(¡½ (T ¡t))¡
¡¹¡ exp(¡½ (T ¡t))¡X 0 exp(½t)

¢
exp

µ
¡°Wt¡

3
2
°2t

¶
.

(20)

T heconditionalexpectedterminalvalueattimet> 0

E(X T jX t) = ¹¡ ¡
¡¹¡¡X texp(½ (T ¡t))

¢
exp(¡°2 (T ¡t))

does notmatchthegoalM as longas thevalueattimetdi¤ers from its
expectedvalueE(X tjX 0 ). H ence, theexpected…nalwealthexceeds M if
X t> E(X tjX 0 ).
A s stated above, a strategy thatcontinuously minimizes the variance of
terminalwealth subjecttoagivenconditionalexpected…nalwealth is in-
feasible. It is striking thatthe investordoes not stop investing in the
riskyassetas soon as goalM is attained by investingin therisk-freeas-
set(X t= M exp(¡½(T ¡t))). T his strategyhas zeroconditionalvariance.
R ather, theinvestorbacksoutoftheriskyassetassoonas

X t= ¹¡ exp(¡½(T ¡t)) > M exp(¡½(T ¡t)).

T his seeminglystrikinginvestmentpolicy is causedbyconstraint(13). If
theportfoliovalueis investedentirelyintherisk-freeassetassoonas X t=
M exp(¡½(T¡t)), thentheconstraintisneversatis…edsinceterminalwealth
neverexceeds M . A s soonas X reaches thepresentvalueofthegoalthe
investoroptsoutoftheriskyinvestmentsothatX T = M . Sinceitispossible
thatX t·M exp(¡½(T¡t)) forallt< T thereexistrealizationsofX T such
thatX T < M . H ence, theexpected…nalwealthE(X T) is belowM when
pursuingastrategysuchthatwealthisinvestedrisk-freeassoonasX tequals
thepresentvalueofM .
Infact, X t= ¹¡ exp(¡½(T ¡t))whichcauses nomoreriskyinvestmentac-
cordingtotheoptimalstrategy(18) requiresWt= 1 . T herefore, (almost)
alwayssomewealthis investedintheriskyasset.
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3.3.2 M inimumQ uadraticD eviationFromaTargetL evel

T heminimumconditionalexpectedquadraticdeviationofX T fromatarget
level¡ giventhatE(X T jX 0 )¸M andthecorrespondingoptimalstrategy
is derivedforn = 1 usingatwostep procedure. First, theunconstrained
problem is solvedwiththedynamicprogrammingapproach (16) andthen
thetargetlevel¡ is determinedsuchthatconstraint(15) with ¡ > M is
satis…ed.

1. T hesolutionofthenonlinearpartialdi¤erentialequationis

ª (t;X t) = (¡ ¡X texp(½ (T ¡t)))2 exp(¡°2 (T ¡t)) (21)

andtheoptimalstrategyisgivenby

w¤(t) = (¡ exp(¡½ (T ¡t))¡X t)¼. (22)

W henthis policyis followed, theportfoliovalueattimetcanbeex-
pressedas

X t = ¡ exp(¡½ (T ¡t)) (23)

¡(¡ exp(¡½ (T ¡t))¡X 0 exp(½t))exp
µ
¡°Wt¡

3
2
°2t

¶
.

2. T heconstraintonE(X T jX 0) nowdeterminesthetargetlevel¡:

E(X T jX 0 ) = ¡ ¡(¡¡X 0 exp(½T))exp
¡
¡°2 T

¢
¸M

¡ ¸ M ¡X 0 exp(½T)exp (¡°2 T)
1¡exp (¡°2 T) :

T heoptimalvaluefunction (2 1) decreaseswithdecreasing¡. T herefore, ¡
is setequaltoits lowerbound such that¡ = ¹¡. H ence, astrategythat
minimizes thevarianceofterminalwealthattimet= 0 is equivalenttoa
strategythatcontinuouslyminimizestheexpectedquadraticdeviationfrom
atargetlevel¡, ifthetwostrategiesareconstrainedtoensurethesamemean
…nalwealth.
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3.3.3 TwoFundStrategy

N otethattheoptimalstrategyforbothobjectivescanbeviewedasastrategy
intwofunds: therisk-freeassetandtheoptimalgrowthfund. T heoptimal
growth fundmaximizes themean growth rateofwealth ifaproportional
strategyispursued.
L et~¼(t)YtbetheamountinvestedintheriskyassetattimetwithY 0 being
theinitialwealth. T hewealthprocessforstrategy ~¼Ytevolvesaccordingto

d Y ~¼ = Y ~¼ (~¼§ ¼ + ½)d t+ Y ~¼ ~¼¾d W: (24)

T hisstochasticdi¤erentialequationyields

Y ~¼
t = Y 0 exp

µµ
~¼§ ¼ + ½¡1

2
~¼§ ~¼

¶
t+ ~¼¾Wt

¶
.

T hesolutionofproblem

sup
~¼
E(lnY ~¼

t)

determinesthestrategythatmaximizesthemeangrowthrateofwealth:

~¼¤= ¼:

Strategy(18) isequivalenttoastrategyintherisk-freebondandanoptimal
growthfund. A ttimet= 0 theamount¡ exp(¡½T) is invested inbonds,
andtheamount¡(¡ exp(¡½T)¡X 0 ) is investedinariskyfund. Sincethe
latteramountis negative, thefund is sold short. T heoptimalstrategyof
thefundistoinvest¡¼F intheriskyassetwhereF0 = (¡ exp(¡½T)¡X 0 )
denotestheinitialfundvalue. T hefundvaluethenfollowstheprocess

d F = F (¡¼§ ¼ + ½)d t¡F¼¾d W:

Integrationleadsto

Ft= F0 exp(½t)exp
µ
¡°Wt¡

3
2
°2t

¶
.

W henpursuingthetwo-fund-strategytheportfoliovalueattimetbecomes
(20):
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X t= ¡ exp(¡½(T ¡t))¡(¡ exp(¡½T)¡X 0)exp(½t)exp
µ
¡°Wt¡

3
2
°2t

¶
.

T he investordetermines initiallyhowmuchwealth is placed intotherisk-
freefundandhowmuchoftheriskyfundis soldshort. T hereafter, heonly
rebalancestheriskyfund. Sincethefundis soldshortandthefundinvests
¡¼F intheriskyasset, theinvestoractuallypursues thegrowthoptimum
strategy¼F.
T his growthoptimum strategynotonlymaximizes themean growth rate
ofwealthbutalsominimizes theexpectedtimetoreachacertaingoalas
M erton(19 9 0, Chapter6)shows. A ctually, theinvestor’sgoaltobereached
isalevelofwealththatrequiresnomoreriskyinvestmentandthereforehas
zeroconditionalvariance. Pursuingthegrowthoptimum strategywhereby
investingallwealthleadstomeanterminalwealth(see(2 4 )):

E(X ¼
T jX 0 ) = X 0 exp

¡¡
°2 + ½

¢
T
¢
6= M :

H ence, acertainamounthastobeinvestedintherisk-freeassetsuchthatthe
constraintissatis…ed. T heremainingpartisinvestedaccordingtothegrowth
optimumstrategy. T heamounttobeinvestedturnsouttobe¡. O bviously,
thismixedstrategyleadstoalowervariancethanthepuregrowthoptimum
strategy.

3.4 Case2: n > 1
T heproblemofcontinuouslyminimizingtheexpectedquadraticdeviationof
X T from atargetlevel¡ giventhatE(X T jX 0 )¸M is solvedforn risky
assets. T hetwostepprocedureisthesameasforn = 1.

1. T henonlinearpartialdi¤erentialequation(16)yieldstheoptimalvalue
function

ª (t;X t) = (¡¡X texp(½ (T ¡t)))2 exp(¡¼0§¼ (T ¡t))

where

¼ = § ¡1 (¹¡½1) = ¾¡1° .

T heoptimalcontrolvectorisgivenby

w ¤t= (¡ exp(¡½ (T ¡t))¡X t)¼. (25)
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2. In ordertodeterminetheminimum targetlevel¡ thatsatis…es the
constraintonE(X T jX 0), thewealthprocess isderived:

X t = ¡ exp(¡½ (T ¡t))

¡(¡ exp(¡½ (T ¡t))¡X 0 exp(½t))exp
µ
¡° 0W t¡

3
2
¼0§¼t

¶
.

T heoptimaltargetlevel

¡ =
M ¡X 0 exp(½T)exp (¡¼0§¼T)

1¡exp (¡¼0§¼T)

followsfrom

E(X T jX 0) = ¡¡(¡ ¡X 0 exp(½T))exp (¡¼0§¼T)¸M .

Sincemaximizing¼0§¼ minimizesthevaluefunction, problem(14)forn > 1
canbereinterpretedastwosubproblemstobesolvedsequentiallyas inthe
discretetimesetting. Ina…rststep, theinstantaneousmean-variancee¢cient
portfolioisderived. T heinstantaneousvarianceofaportfolioisminimized
subjecttoagiveninstantaneousdrift¹PF:L etµ = (µi;::; µn) bethevector
ofportfolioweights. Inorderto…ndthee¢cientportfoliotheproblem

¾ 2PF = minµ
µ0§µ

subjectto

¹PF = µ0§ ¼ + ½

is solved. T hisleadstothevectorofoptimalportfolioweights

µ¤=
¹PF ¡r
¼0§¼

¼.
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Inasecondstep, problem(14) issolvedforjusttwofunds, theinstantaneous
mean-variancee¢cientportfolioandtherisk-freeasset. T heoptimalamount
investedintheportfoliois

w¤(t) = (¡ exp(¡½ (T ¡t))¡X t)
¹PF ¡r
¾ 2PF

T heamountinvestedineachassetw¤(t)µ¤ isthengivenby(2 5).
T hegeneralsolutionfortheminimumvarianceproblem (12)canbederived
inananalogousway.

4 Conclusion
Inadiscretetimesetting, thedynamicallymean-variancee¢cientportfolio
is derived. In amodelwith only one riskyasset, placingalowerbound
onthemean terminalwealthyields thesamesolutionas restrictingmean
terminalwealthtoexactlymeetacertaingoal. O therwise, thesedi¤erent
problem formulationsmatterandmayresultindi¤erentoptimalstrategies.
Constrainingmeanterminalwealthtoachievethegoalexactlymayleadto
dominatedpolicies. Itisshownhowthemean-variancee¢cientstrategyforn
riskyassetscanbedecomposedintoalocallymean-variancee¢cientstrategy
andastrategythatdiversi…esriskacrosstime.
Inacontinuoustimesetting, adynamicallymean-variancee¢cientportfolio
is infeasible. T hesolutiontotheproblem ofminimizingtheunconditional
variancewhen theunconditionalexpected terminalwealth is supposed to
exactlymatchacertaingoalisdiscussed. Furthermore, theoptimalstrategy
ofaninvestorwhocontinuouslyminimizestheexpectedquadraticdeviation
fromatargetlevelisderived. T hetargetlevelissetsothattheunconditional
expected terminalwealth attains a speci…ed goal. T heresultingstrategy
turnsouttobethesameasthatofthe…rstobjective. M oreover, thestrategy
canbereinterpretedas atwo-fundstrategywherebythetwofundsarethe
growthoptimumportfolioandtherisk-freeasset.
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