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Rswlpdo Ghvljq ri wkh Jxdudqwhh iru Gh�qhg
Frqwulexwlrq Ixqgv

Mxqh 59/ 5335

Devwudfw= Wkh txhvwlrq zh vroyh lv wkh rswlpdo ghvljq ri wkh plqlpxp jxdu0

dqwhh lq d Gh�qhg Frqwulexwlrq Shqvlrq Ixqg Vfkhph1 Zh vwxg| wkh lqyhvwphqw

lq wkh �qdqfldo pdunhw e| dvvxplqj wkdw wkh shqvlrq ixqg rswlpl}hv lwv uhwulex0

wlrq zklfk lv d sduw ri wkh vxusoxv/ wkdw lv wkh gl�huhqfh ehwzhhq wkh shqvlrq ixqg

ydoxh dqg wkh jxdudqwhh1 Wkhq zh gh�qh wkh rswlpdo jxdudqwhh dv wkh vroxwlrq ri

wkh frqwulexwru*v rswlpl}dwlrq surjudp dqg �qg wkh vroxwlrq h{solflwo|1 Ilqdoo|/

zh dqdo|}h wkh lpsdfw ri wkh pdlq sdudphwhuv/ dqg sduwlfxoduo| wkh vkdulqj uxoh

ehwzhhq wkh frqwulexwru dqg wkh shqvlrq ixqg1 Zh �qg wkdw idyrudeoh vkdulqj

uxohv iru wkh shqvlrq ixqg ohdg wr frqvhuydwlyh jxdudqwhhv iru wkh frqwulexwru= wkh

vkdulqj uxoh lv d zd| wr fuhdwh d frqwlqxxp ehwzhhq wzr h{wuhph shqvlrq ixqg0

lqj phwkrgv wkdw duh Gh�qhg Ehqh�w dqg Gh�qhg Frqwulexwlrq Shqvlrq Vfkhphv/

dqg wkh vkdulqj uxoh doorzv sduwldo ulvn wudqvihu ehwzhhq wkh frqwulexwru dqg wkh

shqvlrq ixqg pdqdjhu1

Nh| zrugv= jxdudqwhh/ shqvlrq ixqgv/ sruwirolr fkrlfh/ vwrfkdvwlf rswlpl}d0
wlrq/ yduldwlrqdo fdofxoxv1

Fodvvl�fdwlrq dffruglqj wr MHO frghv= J44

4 Lqwurgxfwlrq

Wkhuh h{lvw wzr w|shv ri udglfdoo| gl�huhqw shqvlrq ixqgv phwkrgv= wkh �gh0
�qhg ehqh�w� phwkrg zkhuh wkh frqwulexwlrqv duh wkh udqgrp yduldeohv exw
wkh �qdo ehqh�w lv �{hg/ dqg wkh �gh�qhg frqwulexwlrq� phwkrg zkhuh udq0
grpqhvv frphv iurp wkh ehqh�w1 Klvwrulfdoo|/ shqvlrq ixqgv xvhg pdlqo| wkh
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�uvw phwkrg zklfk lv suhihuuhg e| wkh folhqw +vhh h1j1 Gdylv 4<<8,1 Krz0
hyhu/ gxh wr wkh ghprjudsklf hyroxwlrq dqg wkh ghyhorsphqw ri wkh htxlw|
pdunhwv/ qhz v|vwhpv kdyh ehhq lqwurgxfhg1 Qrzdgd|v/ wkh shqvlrq ixqgv
sursrvh pdlqo| gh�qhg frqwulexwlrq vfkhphv zklfk wudqvihu wkh htxlw| pdu0
nhw ulvn wr wkh folhqwv1

D vlpsoh zd| wr prghudwh wklv lqfrqyhqlhqfh iru wkh folhqwv/ lv wr lqwur0
gxfh d plqlpxp jxdudqwhh rq wkh ixwxuh ehqh�w wkdw zloo eh sdlg rxw wr wkh
folhqwv1 Krzhyhu/ wklv jxdudqwhh fdq eh yhu| frpsoh{ dqg wkh txhvwlrq lv wr
�qg wkh rswlpdo irup wkdw lw vkrxog wdnh lq rughu wr pd{lpl}h wkh xwlolw| ri
wkh folhqw1

Lq d jhqhudo frpsohwh �qdqfldo pdunhw iudphzrun/ zh dvvxph wkdw wkh
shqvlrq ixqg*v uhwulexwlrq lv htxdo wr d �{hg sduw ri wkh vxusoxv +wkdw lv wkh
gl�huhqfh ehwzhhq wkh �qdo ydoxh ri wkh sruwirolr pdqdjhg e| wkh shqvlrq
ixqg dqg wkh jxdudqwhh,1 Pruhryhu/ wkh pdqdjhu ri wkh shqvlrq ixqg zloo
lqyhvw wkh zhdowk lq rughu wr rswlpl}h wkh h{shfwhg ydoxh ri wkh xwlolw| ri lwv
vkduh ri wkh vxusoxv1 Kdylqj suryhg wkdw dq dx{loldu| surfhvv lv vhoi0�qdqfhg/
zh ghwhuplqh wkh dqdo|wlf irup ri wkh jxdudqwhh dv wkh vroxwlrq ri wkh folhqw*v
rswlpl}dwlrq surjudp1 Wklv h{suhvvlrq lv dqdo|}hg zlwk uhvshfw wr wkh pdlq
sdudphwhuv dqg h{shfldoo| zlwk uhvshfw wr wkh vkdulqj uxoh wkdw �{hv wkh
uhsduwlwlrq ri wkh �qdo vxusoxv ehwzhhq wkh shqvlrq ixqg dqg wkh folhqw1 Zh
�qg wkdw kljkhvw jxdudqwhhv duh olqnhg wr vkdulqj uxohv jlylqj doo wkh vxusoxv
wr wkh shqvlrq ixqg1 Wkhq wkh fkrlfh ri wkh vkdulqj uxoh lv d wudgh0r� ehwzhhq
surwhfwlrq +wkh ohyho ri wkh jxdudqwhh, dqg uhwxuq +lpsdfwhg e| wkh sduw ohiw
wr wkh shqvlrq ixqg,1

Lq uhodwhg olwhudwxuh/ Erxolhu/ Kxdqj dqg Wdloodug +5334, dqg Ghhovwud/
Judvvhool dqg Nrhko +5334, vwxg| wkh rswlpdo pdqdjhphqw ri d gh�qhg frq0
wulexwlrq sodq zkhuh wkh jxdudqwhh ghshqgv rq wkh ohyho ri lqwhuhvw udwhv dw
wkh �{hg uhwluhphqw gdwh1 Mhqvhq dqg Vûuhqvhq +5334, phdvxuh wkh h�hfw ri
d plqlpxp lqwhuhvw udwh jxdudqwhh frqvwudlqw wkurxjk wkh zhdowk htxlydohqw
lq fdvh ri qr frqvwudlqwv dqg vkrz qxphulfdoo| wkdw jxdudqwhhv pd| lqgxfh d
vljql�fdqw xwlolw| orvv iru uhodwlyho| ulvn wrohudqw lqyhvwruv1 Erwk wkh sdshuv
e| Erxolhu hw do1 +5334, dqg Mhqvhq dqg Vûuhqvhq +5334, fkrrvh wkh Ydvl
fhn
+4<::, vshfl�fdwlrq ri wkh whup vwuxfwxuh lq wkh vslulw ri Edmhx{0Ehvqdlqrx/
Mrugdq dqg Sruwdlw +4<<;,/ zkloh Ghhovwud hw do1 +5334, fkrrvh wkh d!qh whup
vwuxfwxuh e| xvlqj wkh phwkrgrorj| ri Ghhovwud/ Judvvhool dqg Nrhko +5333,1

Wkh sdshu lv rujdql}hg dv iroorzv= lq Vhfwlrq 5/ zh gh�qh wkh pdunhw
vwuxfwxuh dqg lqwurgxfh wkh rswlpl}dwlrq sureohpv1 Lq Vhfwlrq 6/ zh rewdlq
wkh pdlq surshuw| ri wkh dx{loldu| surfhvv dqg ghgxfh d pdunhw h!flhqf| whvw1
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Lq Vhfwlrq 7/ zh ghulyh wkh rswlpdo irup ri wkh jxdudqwhh dqg frpsdudwlyh
vwdwlfv zlwk uhvshfw wr wkh h{shfwhg ydoxh ri wkh ehqh�w1 Vhfwlrq 8 lv ghyrwhg
wr wkh dqdo|vlv ri wkh lq xhqfh ri wkh vkdulqj uxoh/ dqg Vhfwlrq 9 surylghv dq
h{dpsoh zkhq wkh folhqw kdv d srzhu xwlolw| ixqfwlrq1 Vhfwlrq : frqfoxghv
wkh sdshu1

5 Wkh prgho

Lq wklv vhfwlrq/ zh ghvfuleh wkh �qdqfldo pdunhw dqg wkh rswlpl}dwlrq sur0
judpv1

514 Wkh �qdqfldo pdunhw

Udqgrpqhvv lv ghvfulehg e| ` E|� '
�
E` � E|�c ���c ` � E|��

�
( | 5 dfc A oj/ dq

?0glphqvlrqdo Eurzqldq prwlrq gh�qhg rq d frpsohwh suredelolw| vsdfh
Elc I c S�/ zkhuh S lv wkh uhdo zruog suredelolw| dqg A lv vxssrvhg wr eh �qlwh1
Wkh �owudwlrq I ' EI � � ����� / uhsuhvhqwv wkh lqirupdwlrq vwuxfwxuh jhqhudwhg
e| wkh Eurzqldq prwlrq dqg lv dvvxphg wr vdwlvi| wkh xvxdo frqglwlrqv1

Khuhdiwhu H � vwdqgv iru HE� m I � �/ wkh frqglwlrqdo h{shfwhg ydoxh xqghu
wkh uhdo zruog suredelolw|1

Wkh pdunhw lv frpsrvhg ri ?n� �qdqfldo dvvhwv/ wkdw wkh djhqw fdq ex| ru
vhoo frqwlqxrxvo| zlwkrxw lqfxuulqj dq| uhvwulfwlrq dv vkruw vdohv frqvwudlqwv
ru dq| wudglqj frvw1

Wkh �uvw dvvhw lv wkh ulvnohvv dvvhw +l1h1 wkh edqn dffrxqw, zkrvh sulfh/
ghqrwhg e| �E|�/ hyroyhv dffruglqj wr=

_�E|�

�E|�
' oE|�_|c �Ef� ' �c

zkhuh oE|� uhsuhvhqwv wkh vkruw lqwhuhvw udwh1
Wkh uhpdlqlqj ? dvvhwv duh wkh ulvn| dvvhwv/ zkrvh sulfhv duh ghqrwhg e|

� � E|�c � ' �c ���c ?1 Wkh g|qdplfv ri � � E|� duh jlyhq e|=

_� � E|� ' � � E|�

%
K � E|�_| n

�[
	�
 �

j � 	 E|�_` 	 E|�

&
c � � Ef� ' R � 5 Efcn4�� +4,

Zh dvvxph wkdw wkh lqwhuhvw udwh surfhvv ioE|�c f � | � A j/ wkh guliw
surfhvv

�
KE|� ' EK � E|�c ���c K � E|��

�
c f � | � A

�
/ dqg wkh yrodwlolw| pdwul{ surfhvv
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zkhuh n�n ghqrwhv wkh Hxfolghdq qrup lq U
�
dqg zkhuh j � E|� ghqrwhv wkh �0wk

urz ri jE|�1
Zh dvvxph dovr wkdw wkh �qdqfldo pdunhw lv duelwudjh0iuhh dqg frpsohwh/

l1h1 wkhuh lv rqo| rqh surfhvv wE�� vdwlvi|lqj

wE|� ' j �
�
E|� dKE|� � oE|�� � o c f � | � Ac

zlwk � � ' E�c ���c ��
�
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�
/ zkhuh jE|c /� lv qrq0vlqjxodu/ iru Eb  S��d1h1

E|c /� 5 dfc A o � l1
Wkh h{srqhqwldo surfhvv
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lv dvvxphg wr eh d pduwlqjdoh/ dqg wkh ulvn0qhxwudo htxlydohqw pduwlqjdoh
phdvxuh/ ghqrwhg e| '/ lv gh�qhg e|

'E�� ' H d~EA �� � o c � 5 IEA ��

Zh ixuwkhu gh�qh wkh vwdwh0sulfh ghqvlw| surfhvv e|
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515 Wkh rswlpl}dwlrq surjudp ri wkh frqwulexwru

Wkh frqwulexwru sd|v d  rz wr wkh shqvlrq ixqg1 Wklv  rz frqvlvwv lq d
oxps vxp dw gdwh f/ ghqrwhg e| f � c dqg d frqwlqxrxvo| sdlg suhplxp/ dw d
udwh ghqrwhg e| SE|�c | 5 dfc A o> wkh  rz ri frqwulexwlrqv lv dvvxphg wr eh d
qrq0qhjdwlyh/ surjuhvvlyh phdvxudeoh surfhvv vxfk wkdw=

] �

�
S
�
E|�_| 	 4c d1v1
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Wkh ydoxh dw gdwh f ri wkh fdvk jlyhq e| wkh frqwulexwru wr wkh shqvlrq
ixqg lv htxdo wr=

f
�
� ' f � n H

�] �

�
MEr�SEr�_r

�
�

Lq h{fkdqjh/ wkh ixqg pdqdjhu zloo surylgh dw gdwh A d ehqh�w zklfk
frqvlvwv ri wzr sduwv= Wkh �uvw sduw C � lv jxdudqwhhg/ zklfk phdqv wkdw
wkh ehqh�w zloo eh juhdwhu wkdq C � doprvw vxuho|1 Zh gr qrw frqvwudlq
wkh jxdudqwhh wr eh frqvwdqw/ lw lv rqo| uhtxluhg wr eh d srvlwlyh udqgrp
yduldeoh I � phdvxudeoh zklfk lv u� lqwhjudeoh zlwk R : 21 Lq sduwlfxodu/
wklv dvvxpswlrq doorzv iru wkh fdvh ri d vwrfkdvwlf jxdudqwhh +iru h{dpsoh
vdodu|0lqgh{hg, zkrvh ydoxh zloo eh nqrzq dw wlph A 1 Wkh vhfrqg sduw ri
wkh ehqh�w lv d �{hg iudfwlrq ri wkh vxusoxv t � EC � � +wkh gl�huhqfh ehwzhhq
wkh whuplqdo zhdowk f � ri wkh pdqdjhg sruwirolr dqg wkh jxdudqwhh C � ,1
Lqghhg/ zh vxssrvh wkdw wkh ixqg pdqdjhu uhfhlyhv d �{hg iudfwlrq ri wkh
vxusoxv/ dv d zd| wr lqflwh klp1 Iru h{dpsoh Krovwurp dqg Plojurp +4<;:,
kdyh vwxglhg wkh sureohp ri surylglqj lqfhqwlyhv ryhu wlph iru dq djhqw zlwk
frqvwdqw devroxwh ulvn dyhuvlrq1 Wkh| irxqg lq wkhlu prgho wkdw wkh rswlpdo
frpshqvdwlrq vfkhph wxuqv rxw wr eh d olqhdu ixqfwlrq1

Ohw xv ghqrwh e| q wkh �{hg iudfwlrq ri wkh vxusoxv wkdw zloo eh nhsw
e| wkh ixqg pdqdjhu1 Wkhq/ wkh wrwdo ehqh�w ri wkh frqwulexwru dw gdwh A

htxdov=
� � ' C � n E� � q� Ef � � C � � � +6,

Wkh sureohp ri wkh frqwulexwru lv wr fkrrvh wkh ehvw frqwudfw ehwzhhq wkrvh
r�huhg e| wkh shqvlrq ixqgv/ hyhu|wklqj hovh ehlqj �{hg 0 wkdw lv wkh ydoxh
ri wkh fdvk jlyhq e| wkh frqwulexwru f

�
� / wkh iudfwlrq q ri wkh vxusoxv nhsw

e| wkh ixqg pdqdjhu/ dqg lwv ulvn dyhuvlrq wkdw zh lqwurgxfh pruh lq ghwdlo
lq wkh qh{w vhfwlrq1 Wkh jxdudqwhh lv wkhq wkh rqo| uhpdlqlqj yduldeoh dqg
wkh sureohp lv wr �qg lwv rswlpdo irup1 Wklv sureohp lv d vwdwlf rqh iurp
wkh frqwulexwru srlqw ri ylhz vlqfh kh kdv d ghflvlrq wr pdnh dw gdwh f rqo|
iru d ehqh�w wkdw zloo eh gholyhuhg dw gdwh A 1

Iru q ' f/ wkh ixqg pdqdjhu grhv qrw nhhs dq| sur�w iurp wkh vxusoxv/ vr
wkh suhvhqfh ri wkh jxdudqwhh lv pruh dq revwdfoh wkdq d frqyhqlhqfh iru wkh
folhqw/ vlqfh jxdudqwhhv pd| lqgxfh d vljql�fdqw xwlolw| orvv iru uhodwlyho| ulvn
wrohudqw lqyhvwruv +vhh Mhqvhq dqg Vûuhqvhq 5334,1 Rq wkh rwkhu kdqg/ q ' �
phdqv wkdw wkh frqwulexwru zloo uhfhlyh wkh jxdudqwhh rqo|/ qr pdwwhu wkh
�qdo vxusoxv1 Lq rughu wr dyrlg wkhvh wulyldo fdvhv/ zh zloo dvvxph q 5 Efc ��
iurp qrz rq1
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Zh irupdol}h wkh rswlpdolw| ri wkh jxdudqwhh e| dvvxplqj wkdw wkh frq0
wulexwru kdv dq lqfuhdvlqj frqfdyh xwlolw| ixqfwlrq �> wkhq/ wkh jxdudqwhh
pxvw olh lq wkh vhw J gh�qhg dv iroorzv=

J ' iC � = <& 5 dfc f
�
� d vxfk wkdw C � lv vroxwlrq ri +7, gh�qhg iru &j c

zkhuh +7, lv wkh iroorzlqj rswlpl}dwlrq surjudp=

4@ ��� H d� EE� � q�t � EC � � n C � �o +7,

xqghu wkh frqvwudlqwv=
�

H dMEA � EE� � q�t � EC � � n C � �o ' &

C � � f d1v1

Lq rughu wr vroyh wklv sureohp/ zh qhhg wr orrn pruh ghhso| dw wkh zd|
xvhg e| wkh shqvlrq ixqg wr pdqdjh wkh sruwirolr/ lq rughu wr jhw wkh sulqflsdo
ihdwxuhv ri t � EC � �1

516 Wkh rswlpl}dwlrq surjudp ri wkh shqvlrq ixqgpdq0

djhu

Lq wklv vxevhfwlrq/ zh ghvfuleh wkh sruwirolr sureohp idfhg e| wkh shqvlrq
ixqg pdqdjhu1 Pruh suhflvho|/ zh dvvxph=

+l, wkdw wkh ulvn dyhuvlrq ri wkh ixqg pdqdjhu lv ghvfulehg e| d srzhu
xwlolw| ixqfwlrq

LE+� '
+
�

�
c � 5 E�4c ��qifjc +8,

+ll, wkdw kh pd{lpl}hv wkh h{shfwhg xwlolw| ri klv whuplqdo zhdowk +wkdw
lv/ klv sduw ri wkh vxusoxv,1

Wkh fkrlfh ri wkh srzhu xwlolw| lv prwlydwhg e| wzr uhdvrqv1
Iluvw/ shqvlrq ixqgv duh lq jhqhudo odujh frpsdqlhv zkr gh�qh wkhlu vwudwh0

jlhv zlwk uhvshfw wr wkh dprxqw ri prqh| wkh| duh pdqdjlqj/ pruh ru ohvv lq
d vfdolqj zd|1 Wklv ihdwxuh lv zhoo fdswxuhg e| wkh xvh ri wkh srzhu xwlolw|
ixqfwlrq1

Vhfrqgo|/ shqvlrq ixqgv duh uhjxodwhg lq vxfk d zd| wkdw wkh| fdq qrw
uhdfk qhjdwlyh ydoxhv1 Wklv lv wuxh dovr lq wkh srzhu xwlolw| fdvh/ wkdqnv wr
wkh lq�qlwh pdujlqdo xwlolw| dw }hur1
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Ghqrwlqj e| fE|� wkh zhdowk ri wkh ixqg dw gdwh | 5 dfc A o/ dqg e| ZE|�
wkh sursruwlrq ri zhdowk lqyhvwhg lqwr wkh ? ulvn| dvvhwv +lq vxfk d zd| wkdw
� �

S �
� 
 � Z � E|� lv wkh sursruwlrq ri zhdowk lqyhvwhg lqwr wkh ulvnohvv dvvhw

�E|�,/ wkh rswlpl}dwlrq surjudp ri wkh shqvlrq ixqg zloo eh=

4@ � ��� ���������
	 �� �
�������
�

�
H EfEA � � C � �

�
+9,

xqghu wkh frqvwudlqwv=

_fE|� ' EfE|�oE|� n fE|�Z
�
E|� EKE|� � oE|�� n SE|�� _| n fE|�Z

�
E|�jE|�_` E|�

+:,
zlwk fEf� ' f � : f dqg

D � '
�

ZE|� ' EZ � E|�c ���c Z � E|��
�
/ | 5 dfc A o / I � dgdswhg surfhvv vxfk wkdw=U �

� nfE|�Z
�
E|�jE|�n

�
_| 	 4 d1v1

fEA � � C � � f d1v1j �

Iurp qrz rq/ zh dvvxph wkdw=

H dMEA �C � o 	 f � n H

�] �

�
ME|�S � _|

�
' f

�
� c +;,

zklfk lv htxlydohqw wr vd| wkdw wkh vhw ri dgplvvleoh vwudwhjlhv D � lv qrq
hpsw|1 Wklv dvvxpswlrq lv d uhdvrqdeoh dvvxpswlrq dv lw phdqv wkdw wkh
pdunhw ydoxh ri wkh frqwulexwlrqv lv vxssrvhg wr eh odujhu wkdq wkh pdunhw
ydoxh ri wkh jxdudqwhh1

6 Pdlq ihdwxuhv ri wkh vxusoxv surfhvv

Lq wklv vhfwlrq/ zh gh�qh wkh vxusoxv surfhvv1 Lqvsluhg e| wkh dfwxduldo
survshfwlyh dssurdfk/ wklv vxusoxv surfhvv wdnhv lqwr dffrxqw wkh ixwxuh uljkwv
ri wkh shqvlrq ixqg/ l1h1 wkh frqwulexwlrqv wkdw zloo hqwhu/ dqg wkh ixwxuh
reoljdwlrqv ri wkh shqvlrq ixqg/ l1h1 wkh jxdudqwhh wkdw kdv wr eh sd|hg dw
wkh �qdo gdwh A 1 Zh suryh wkdw wkh vxusoxv surfhvv lv vhoi0�qdqflqj/ dqg
ghgxfh d pdunhw h!flhqf| whvw iru wkh shqvlrq ixqg1

Gh�qlwlrq 4 Wkh vxusoxv surfhvv t E|�/ | � f lv gh�qhg e|=

t E|� ' fE|� n (E|� � CE|�c

:



zkhuh

(E|� ' H �

] �

�

MEr�

ME|�
SEr�_rc CE|� ' H �

�
MEA �

ME|�
C �

�
�

Wklv surfhvv fdq eh lqwhusuhwhg dv d vxusoxv surfhvv/ lq wkh vhqvh wkdw/ dw
gdwh |/ lw lv htxdo wr=

� wkh ydoxh ri wkh sruwirolr fE|�

� soxv wkh glvfrxqwhg ydoxh ri wkh ixwxuh hqjdjhphqwv frplqj iurp wkh
frqwulexwru (E|�/

� plqxv wkh glvfrxqwhg ydoxh ri wkh shqvlrq ixqg ixwxuh hqjdjhphqw +wkdw
lv wkh jxdudqwhh, CE|�1

Qrwh dovr wkdw wkh ydoxh ri wkh surfhvv dw gdwh A lv htxdo wr wkh vxusoxv
fEA � � C � 1

Sursrvlwlrq 5 Wkh vxusoxv surfhvv lv vhoi0�qdqflqj/ wkdw lv wkhuh h{lvwv d
surjuhvvlyh phdvxudeoh udqgrp surfhvv +E|� ' E+ � E|�c ���c + � E|��

�
/ | 5 dfc A o

vxfk wkdw=

_t E|� ' t E|� EoE|�_| n +
�
E|� EKE|� � oE|�� _| n +

�
E|�jE|�_` E|�� +<,

Surri1 Iroorzlqj Ghhovwud hw do1 +5334,/ iru d jlyhq surfhvv gE|� ohw ghqrwh
hgE|� G' ME|�gE|�1 Wkhq

_ht E|� ' _ hfE|� n _ h(E|� � _ hCE|��

Iurp +4,/ +5,/ dqg +:,/ hdv| frpsxwdwlrqv ohdg wr=

_ hfE|� ' hfE|� EZ
�
E|�jE|� � w

�
E|�� _` E|� n hSE|�_|�

Xvlqj wkh pduwlqjdoh uhsuhvhqwdwlrq wkhruhp iru wkh Eurzqldq prwlrq/
+vhh h1j1 Ndudw}dv dqg Vkuhyh 4<<3,/ lw wxuqv rxw wkdw wkhuh h{lvwv d xqltxh
vtxduh lqwhjudeoh surfhvv lE|� � ��� � � ��� / vdwlvi|lqj

] �

�
nlE|�n

�
_| 	 n4 d1v1 +43,

vxfk wkdw
_ h(E|� ' �hSE|�_| n l

�
E|�_` E|�� +44,

;



Dqdorjrxvo|/ wkhuh h{lvwv d xqltxh vtxduh lqwhjudeoh surfhvv 4E|� � ��� � � ��� /
vdwlvi|lqj ] �

�
n4E|�n

�
_| 	 n4 d1v1 +45,

vxfk wkdw
_ hCE|� G' _

�
H �

k
hC �

l�
' 4

�
E|�_` E|��

Ilqdoo|/ zh jhw=

_ht E|� '
�

hfE|� EZ
�
E|�jE|� � w

�
E|�� n l

�
E|� � 4

�
E|�

�
_` E|�

dqg wkhuhiruh wkh surfhvv t E|� lv vhoi0�qdqflqj1 Lqghhg/ lq rughu wr suryh +<,/
lw vx!fhv wr gh�qh +E|� dv iroorzv=

t E|�+E|� ' fE|�ZE|�nE(E|� � CE|�� dj
�
E|�o �

�
wE|�nM �

�
E|�dj

�
E|�o �

�
ElE|� � 4E|��

+46,
zklfk hqgv wkh surri1

Wkh iroorzlqj fruroodu| surylghv dq h{srqhqwldo h{suhvvlrq iru wkh �qdo
vxusoxv t � / wkdw zloo eh xvhg h{whqvlyho| lq wkh uhvw ri wkh sdshu1

Fruroodu| 6 Wkh �qdo vxusoxv t � vdwlv�hv wkh iroorzlqj htxdwlrq=

t � ' t � i T

�] �

�
EoE|� n +

�
E|� EKE|� � oE|��� _| n

] �

�
+
�
E|�jE|�_` E|�

��

2

] �

�
n+

�
E|�jE|�n

�
_|

�
+47,

zlwk

t � ' f � n H

�] �

�
MEr�SEr�_r

�
� H dMEA �C � o � f�

Qrwh wkdw t � ghshqgv rq C � wkurxjk t � rqo|1 Iurp qrz rq zh zloo vwuhvv
wklv ghshqghqfh e| ghqrwlqj t � dv d ixqfwlrq ri C � �

Gh�qlqj wkh udqgrp yduldeoh ) � E/� dv iroorzv

) � ' i T

�] �

�
EoE|� n +

�
E|� EKE|� � oE|��� _| n

] �

�
+
�
E|�jE|�_` E|�

��

2

] �

�
n+

�
E|�jE|�n

�
_|

�
c +48,

<



+47, fdq eh uhzulwwhq dv

t � EC � � ' Ef
�
� � H dMEA �C � o�) � � +49,

Iru wzr gl�huhqw plqlpxp jxdudqwhhv C
�
� dqg C

�
� / zh fdq zulwh

t � EC
�
� � ' t � EC

�
� �

f
�
� � H dMEA �C

�
� o

f
�
� � H dMEA �C

�
� o

� +4:,

Li zh frpsduh wkh vxusoxv lq fdvh zlwk d jxdudqwhh C � zlwk wkh qr0
jxdudqwhh0fdvh/ zh kdyh d vwurqj uhodwlrqvkls ehwzhhq wkh yduldqfh ri wkh
vxusoxv dqg wkh h{shfwdwlrq1 Wklv uhodwlrqvkls fdq eh xvhg dv d pdunhw
h!flhqf| whvw= wkh yduldqfh ri wkh vxusoxv wxuqv rxw wr eh sursruwlrqdo wr
wkh vtxduh ri wkh h{shfwdwlrq1 Wklv frphv iurp wkh ghfuhdvlqj txdgudwlf
uhodwlrq ehwzhhq wkh yduldqfh ri wkh vxusoxv dqg wkh pdunhw ydoxh ri wkh
plqlpxp jxdudqwhh +vhh +4;,,1

Sursrvlwlrq 7 +Pdunhw h!flhqf| whvw, Wkhuh h{lvwv d +srvlwlyh, frqvwdqw &

vxfk wkdw
T @o dt � EC � �o ' & E. dt � EC � �o�

�
�

Surri1 Iurp +4:, lw iroorzv wkdw

T @o dt � EC � �o ' T @o dt � Ef�o

�
� � H dMEA �C � o

f
�
�

� �

+4;,

dqg

. dt � EC � �o ' . dt � Ef�o

�
� � H dMEA �C � o

f
�
�

�
c

dqg wkhuhiruh
T @o dt � EC � �o

T @o dt � Ef�o
'

�
. dt � EC � �o

. dt � Ef�o

� �

�

Wklv uhvxow lv vwurqjo| olqnhg wr wkh srzhu xwlolw| ri wkh shqvlrq ixqg
zklfk/ dv zhoo nqrzq lq olwhudwxuh vlqfh Phuwrq +4<<5,/ surylghv wklv nlqg ri
phdq0yduldqfh uhodwlrqvklsv1 Krzhyhu/ wkh odvw sursrvlwlrq gholyhuv d vwurqj
whvw wr fkhfn zlwk gdwd iurp vrph shqvlrq ixqgv zkhwkhu wkhlu lqyhvwphqw
vwudwhjlhv iroorz wkh prgho sursrvhg lq wklv sdshu/ zklfk lv dq lqwhuhvwlqj
dssolfdwlrq ri Phuwrq*v uhvxowv1
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7 Wkh rswlpdo jxdudqwhh iru wkh frqwulexwru

E| wkh dqdo|vlv ri wkh shqvlrq ixqg pdqdjhu sureohp/ zh kdyh rewdlqhg wkh
sulqflsdo ihdwxuhv ri wkh �qdo vxusoxv1 Qrz/ zh frph edfn wr wkh lqlwldo
sureohp ri wkh frqwulexwru +7,/ wkdw lv=

4@ ��� H d� EE� � q�t � EC � � n C � �o

xqghu wkh frqvwudlqwv=
�

H dMEA � EE� � q�t � EC � � n C � �o ' &

C � � f d1v1

714 Wkh pdlq uhvxow

Vxevwlwxwlqj wkh h{suhvvlrq +49, ri t � EC � � lqwr wkh frqvwudlqw ri wkh rswl0
pl}dwlrq surjudp/ zh �qg

H dMEA � EE� � q�) � Ef
�
� � H dMEA �C � o� n C � �o ' &c

zklfk lv htxlydohqw wr wkh frqvwudlqw

H dMEA �C � o '
& � H dMEA �E� � q�) � f

�
� o

� � H dMEA �E� � q�) � o
c

ru xvlqj wkh idfw wkdw wkh vxusoxv surfhvv lv vhoi0�qdqflqj dqg wkxv H dMEA �t � o '
t � dqg H dMEA �) � o ' �=

H dMEA �C � o '
& � E� � q�f

�
�

q
�

Qrwlflqj wkdw xqghu wklv frqvwudlqw/

t � EC � � ' ) � Ef
�
� � H dMEA �C � o� '

f
�
� � &

q
) � c

rqh vhhv wkdw wkh t � EC � � lv d frqvwdqw lq wklv plqlpl}dwlrq sureohp zlwk
uhvshfw wr C � � Wkhuhiruh/ lw zloo eh ghqrwhg lq wklv vhfwlrq t � rqo|1

Wkh sureohp lv wkhq

4@ ��� H

�
�

�
� � q

q
Ef

�
� � &�) � n C �

��
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xqghu wkh frqvwudlqwv=
+

H

k
MEA �

� �
�
�

� Ef
�
� � &�) � n C �

�l
' &

C � � f d1v1

ru htxlydohqwo|
4@ � � H d� E� � �o +4<,

v1wr= �
H dMEA �� � o ' &

� � �
�
�
�

� Ef
�
� � &�) � d1v1

zkhuh � � lv wkh �qdo ehqh�w gh�qhg e| +6,1 Qrz wkh sureohp +4<, fdq eh
vroyhg e| xvlqj yduldwlrqdo fdofxoxv1

Sursrvlwlrq 8 Wkh vroxwlrq ri wkh frqwulexwru sureohp wdnhv wkh iroorzlqj
irup=

C �� '

�
U EbMEA �� � � � q

q
Ef

�
� � &�) �

�
� � ����� � � ���

�
�
	��� E �

�
�
�
� � ��� � +53,

zkhuh UE�� ' E�
�
� �

�
c dqg wkh uhdo qxpehu b lv gh�qhg lpsolflwo| e|=

H

�
M �

�
C �� n

� � q

q
Ef

�
� � &�) �

��
' & +54,

Surri1 Vhh Dsshqgl{1
Qrwlfh wkdw wkh h{suhvvlrq ri wkh vroxwlrq lv forvh wr wkh rqh rewdlqhg

zlwkrxw frqvlghulqj wkh srvlwlylw| frqvwudlqw rq wkh jxdudqwhh/ zklfk lv vlp0
so| htxdo wr U EbMEA �� �

�
�
�

� Ef
�
� � &�) � 1

715 Frpsdudwlyh vwdwlfv zlwk uhvshfw wr wkh h{shfwhg

ydoxh ri wkh ehqh�w

Kdylqj wkh h{solflw h{suhvvlrq ri wkh rswlpdo jxdudqwhh/ zh dqdo|}h qrz wkh
vhqvlelolw| zlwk uhvshfw wr wkh nh| sdudphwhuv/ qdpho| wkh h{shfwhg ydoxh ri
wkh ehqh�w &/ dqg wkh vkdulqj uxoh hqwluho| gh�qhg e| wkh sdudphwhu q1 Wkh
iruphu lv grqh lq wklv vxevhfwlrq1 Edvlfdo| wkh uhvxow lv txlwh lqwxlwlyh= wkh
jxdudqwhh lv lqfuhdvlqj / e| / zlwk wkh h{shfwhg ydoxh ri wkh ehqh�w1
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Zh ehjlq zlwk wzr whfkqlfdo Ohppdv dqg wkhq vwdwh irupdoo| wkh uhvxow
lq wkh Sursrvlwlrq1

Ohw xv ghqrwh e| �
� � �
� wkh vroxwlrq ri wkh sureohp +4<,/ zkhuh b lv wkh

fruuhvsrqglqj Odjudqjldq pxowlsolhu lpsolflwo| gh�qhg e| +54,1 Qrwlfh wkdw
wkh ehqh�w ghshqgv rq & rqo| +q lv nhsw frqvwdqw,/ zkloh b lv dq dx{loldu|

sdudphwhu lpsolflwo| gh�qhg wkurxjk wkh htxdolw| H

k
MEA ��

� � �
�

l
' &1 Krz0

hyhu/ d vkliw rq & fkdqjhv wkh ydoxh ri wkh fruuhvsrqglqj b/ vr zh qhhg wr
lqyhvwljdwh �uvw wkh uhodwlrqvkls ehwzhhq & dqg b/ hyhu|wklqj hovh ehlqj �{hg1

Ohppd 9 Ohw xv frqvlghu wkh sureohp +4<,1
d, Li b � 	 b � / wkhq �

� � � �
� � �

��� � �
� d1v1 iru & 5 dfc f

�
� d1

e, Li & � 	 & � / wkhq �
� � � �
� � �

� � � �
� d1v1 iru d �{hg b1

Surri1 Vhh Dsshqgl{1

Fruroodu| : Ohw �
� � � � �
� / �

��� � � �
� vdwlvi|

H

k
MEA ��

� � � � �
�

l
' & � c

H

k
MEA ��

� � � � �
�

l
' & � �

Li & � 	 & � / wkhq b � 	 b � 1

Surri1 Iurp wkh suhylrxv ohppd/ H

k
MEA ��

��� � � �
�

l
A & � : & � ' H

k
MEA ��

� � � � �
�

l
/

wkhq b � 	 b � 1
Zh fdq qrz vwdwh wkh frpsdudwlyh vwdwlf uhvxow ri wkh jxdudqwhh zlwk

uhvshfw wr wkh h{shfwhg ydoxh ri wkh ehqh�w1

Sursrvlwlrq ; Ohw q eh �{hg/ & � 	 & � dqg C
�
� c C

�
� wkh fruuhsrqglqj rswlpdo

jxdudqwhhv jlyhq e| +53,1 Wkhq/ C
�
� � C

�
� doprvw vxuho|1

Surri1 Vhh Dsshqgl{1

8 Lq xhqfh ri wkh vkdulqj uxoh

Lq wklv vhfwlrq/ zh vwxg| wkh lpsdfw ri wkh sdudphwhu q zklfk ghvfulehv wkh
vkdulqj uxoh ri wkh vxusoxv1

Zh iroorz wkh vdph surfhgxuh wkdq wkh rqh dgrswhg lq wkh suhylrxv vhf0
wlrq> wkh pdlq gl�huhqfh lv wkdw zh qrz zulwh wkh ehqh�w �

� � �
� dv d ixqfwlrq

ri b dqg q +dqg qr pruh ri b dqg &,1
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Ohppd < Ohw xv ghqrwh e| �
� � �
� wkh vroxwlrq ri wkh sureohp +4<, zkhuh & lv

�{hg1 Li q � 	 q � / wkhq �
� � � �
� � �

� � � �
� d1v1

Surri1 Vhh Dsshqgl{1

Fruroodu| 43 Ohw �
� � � � �
� / �

��� � � �
� vdwlvi|

H

k
MEA ��

� � � � �
�

l
' & ' H

k
MEA ��

��� � � �
�

l
�

Li q � 	 q � / wkhq b � : b � 1

Surri1 Iurp wkh suhylrxv ohppd H

k
MEA ��

� � � � �
�

l
' H

k
MEA ��

��� � � �
�

l
	

H

k
MEA ��

� � � � �
�

l
/ wkhq b � : b � iurp Ohppd 91

Sursrvlwlrq 44 Ohw & eh �{hg/ q � 	 q � dqg C
� �
� c C

� �
� wkh fruuhvsrqglqj

rswlpdo jxdudqwhhv jlyhq e| +53,1 Wkhq C
� �
� � C

� �
� doprvw vxuho|1

Surri1 Vhh Dsshqgl{1

Wklv uhvxow fdq eh ylhzhg dv iroorzv = wkh vkdulqj uxoh lv d zd| wr wudqvihu
wkh ulvn iurp wkh folhqw wr wkh shqvlrq ixqg1 Zlwk d orz q/ wkh jxdudqwhh lv
orz wrr/ zklfk phdqv wkdw wkh ulvn lv kljk dqg pdlqo| wdnhq e| wkh folhqw1
Wr wkh rssrvlwh/ zkhq q lv kljk/ wkh surwhfwlrq lv kljkhu dqg wkh shqvlrq
ixqg sod|v dq lqwhuphgldu| uroh ehwzhhq wkh �qdqfldo pdunhw dqg wkh folhqw1

9 Wkh vroxwlrq zlwk srzhu xwlolw| ixqfwlrq iru

wkh frqwulexwru

Lq wklv vhfwlrq/ zh frpsxwh h{solflwho| wkh jxdudqwhh zkhq wkh xwlolw| ixqfwlrq
ri wkh frqwulexwru kdv wkh vdph srzhu irup dv wkh rqh ri wkh ixqg/ lq rughu
wr looxvwudwh pruh frqfuhwho| rxu uhvxowv=

�E+� '
+
�

�
c � 5 E�4c ��qifj� +55,

Zh zdqw wr vwxg| wkh lpsolfdwlrqv ri +55, rq wkh rswlpdo jxdudqwhh dqg
lq sduwlfxodu rq lwv srvlwlyhqhvv1
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Sursrvlwlrq 45 Frqvlghu wkh sureohp +7,/ zkhuh wkh xwlolw| �E�� lv jlyhq e|
+55, zlwk � ' �1 Wkhq wkh rswlpdo jxdudqwhh kdv wkh iroorzlqj irup=

C �� '
4@ i& � E� � q�f

�
� c fj

q

MEA �
�

��� �

H

k
MEA �

�

��� �
l +56,

Pruhryhu/ li pdunhw sdudphwhuv duh frqvwdqw/ l1h1 oE|� � oc KE|� � Kc jE|� �
j/ wkhq wkh jxdudqwhh fdq eh h{suhvvhg lq whupv ri wkh edvlf vhfxulwlhv dv iro0
orzv=

C �� '
4@ i& � E� � q�f

�
� c fj

q
e
� � �

�\

� 
 �

�
� � EA �

� � Ef�

� ���

c +57,

zlwk

k � '

#
o n

�

2
nwn

�
� �

2

�
� nwn
� � �

� �

� �

� � �
w
�
j �

�
�eS

#
�

2

�[
	�
 �

j
�
� 	 � K �

$$
5 U

k ' � �

� � �

�
j �

� � �
w 5 U

�
c

zkhuh �eSd@ � o ghqrwhv wkh yhfwru ri U
�

zkrvh l0wk frpsrqhqw lv @ � 1

Surri1 Vhh Dsshqgl{1

Zh vwuhvv wkdw wkh sdudphwhu & fdqqrw eh duelwudu|/ exw lw pxvw vdwlvi|
+5<,/ wkdw lv

E� � q�f
�
� � & 	 f

�
� c

rwkhuzlvh wkh rswlpdo jxdudqwhh lv }hur d1v1= wkh lghd lv wkdw li & 	 E��q�f
�
� /

wkh suhihuhqfh iru wkh vxusoxv lv vr kljk wkdw wkh frqwulexwru frxog dffhsw +wr
sd|, d qhjdwlyh jxdudqwhh/ l1h1 wkh srvlwlylw| frqvwudlqw lv elqglqj1

Zh dovr qrwlfh wkdw wkh irup +56, lv wkh rswlpdo irup ri d jxdudqwhh
lq yhu| jhqhudo pdunhw iudphzrunv dv lqwurgxfhg lq Vhfwlrq 514 dqg lq sdu0
wlfxodu/ lq wkh lqwhuhvw udwh iudphzrun prghov ri Erxolhu hw do1 +5334, dqg
Ghhovwud hw do1 +5334,1 Lq Ghhovwud hw do1 +5334,/ wkh gl�huhqw prphqwv ri wkh
vwdwh0sulfh ghqvlw| surfhvv fdq eh irxqg iru wkh d!qh whup vwuxfwxuh fdvh/ vr
wkdw lw lv srvvleoh wr vwxg| pruh lq ghwdlo wklv rswlpdo jxdudqwhh1

Krzhyhu/ lw lv gl!fxow wr h{sodlq wr wkh frqfhuqhg sduwlhv ri d shqvlrq
ixqg +folhqw/ pdqdjhu/ jryhuqphqw/111, zkdw wkh vwdwh0sulfh ghqvlw| surfhvv
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vwdqgv iru1 Lq wklv uhvshfw/ wkh rswlpdo irup +57, lq fdvh ri frqvwdqw sdud0
phwhuv lv yhu| h{solflw dqg lv h{suhvvhg lq whupv ri wkh sulfhv ri wkh ulvn|
dvvhwv1

Lq rughu wr rewdlq dq h{solflw irupxod lq fdvh ri � 9' �/ zh qrz orrn
lpphgldwho| dw wkh fdvh ri frqvwdqw pdunhw sdudphwhuv1

Sursrvlwlrq 46 Frqvlghu wkh sureohp +7,/ zkhuh wkh xwlolw| �E�� lv jlyhq e|
+55, zlwk � 9' �/ dqg wkh pdunhw sdudphwhuv duh frqvwdqw1

Wkhq wkh rswlpdo jxdudqwhh kdv wkh iroorzlqj irup=
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zkhuh wkh vljq n +uhvs1 �, lv dffruglqj wr wkh fdvh � : � +uhvs1 � 	 �,/ wkh
ixqfwlrq sEb� lv gh�qhg e|

sEb� '

5
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3
C � � q

qH

k
MEA �

�

��� �
l Ef

�
� � &�

4
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� � �
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6
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o n
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2
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nwn
� c

dqg xE%� '
�# � �

U $
�&% e �

�
� �
�

_|1

Surri1 Vhh Dsshqgl{1

Wkh h{suhvvlrq ri wkh rswlpdo jxdudqwhh lv vhpl0h{solflw lq wkh fdvh ri
� 9' � vlqfh b vkrxog �uvw eh ghwhuplqhg qxphulfdoo|/ zklfk krzhyhu wxuqv
rxw wr eh dq hdv| wdvn e| xvlqj d qxphulfdo sdfndjh dv Pdwode ru Pdsoh1 Dv
lq wkh suhylrxv Sursrvlwlrq/ wkh jxdudqwhh fdq eh hdvlo| h{suhvvhg lq whupv
ri wkh sulfhv ri wkh ulvn| dvvhwv1
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: Frqfoxvlrq

Lq d Gh�qhg Frqwulexwlrq iudphzrun/ zh rewdlqhg wkh rswlpdo jxdudqwhh
wkdw pd{lpl}hv wkh h{shfwhg xwlolw| ixqfwlrq ri wkh ehqh�w1

Pruhryhu/ zh dqdo|}h wkh lq xhqfh ri wkh nh| sdudphwhuv +wkh h{shfwhg
ydoxh ri wkh folhqw*v whuplqdo zhdowk dqg wkh vkdulqj uxoh ehwzhhq wkh folhqw
dqg wkh shqvlrq ixqg,1

Zh rewdlq wkdw wkh vkdulqj uxoh fdq eh xvhg qrw rqo| dv d zd| wr lqflwdwh
wkh shqvlrq ixqg/ exw dovr dv d sdudphwhu dpruwl}lqj wkh ulvnv ri wkh �qdqfldo
pdunhw iru wkh folhqw1 Lq wklv vhqvh/ zh wklqn wkdw wkh nlqg ri shqvlrq ixqgv
zh kdyh vwxglhg pdnhv d eulgjh ehwzhhq wkh wzr fodvvlfdo srodu fdvhv/ wkh
gh�qhg frqwulexwlrq dqg gh�qhg ehqh�w shqvlrq ixqgv vfkhphv1

Lw zrxog eh yhu| lqwhuhvwlqj wr h{whqg rxu dqdo|vlv wr wkh fdvh ri pruh
vrsklvwlfdwhg vkdulqj uxohv1 Qhyhuwkhohvv/ zh ohdyh wkdw srlqw iru ixuwkhu uh0
vhdufk/ vlqfh rxu phwkrgrorj| fdqqrw eh dssolhg wr wkdw h{whqghg iudphzrun/
wkh pdlq ihdwxuhv ri wkh vxusoxv surfhvv zh kdyh xvhg lq wklv sdshu ehlqj qrw
wuxh lq jhqhudo1

Xvlqj qxphulfdo phwkrgv vkrxog shuplw wr h{whqg rxu dqdo|vlv dqg wr
lqfoxgh lw lq d pruh jhqhudo uh h{lrq rq wkh gh�qlwlrq +e| wkh vwdwh ru d
uhjxodwru, ri rswlpdo vkdulqj uxohv1

Dfnqrzohgjhphqwv

Zh dfnqrzohgjh wkh lqwhuhvwlqj frpphqwv dqg vxjjhvwlrqv ri dq dqrq|prxv

uhihuhh1

; Dsshqgl{

Surri ri Sursrvlwlrq 81

Ohw xv lqwurgxfh wkh Kdplowrqldq ME� � c bc >� dvvrfldwhg wr wkh sureohp
+4<,=

ME� � c bc >c /� ' H d� E� � �o � b EH dMEA �� � o � &�

n

]
�

�
� � E/� � � � q

q
Ef

�
� � &�) � E/�

�
>E_/�c

zkhuh wkh Odjudqjldq pxowlsolhu b lv d uhdo qxpehu/ zkloh wkh Kdplowrqldq
pxowlsolhu >E_/� lv d +srvlwlyh, uhdo phdvxuh1
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Vxssrvh wkdw wkh plqlpxp lv dwwdlqhg dw � �� � Wkhq dw �
�
� ' � �� n 0B

zlwk B 5 u� � zlwk R : 2 dqg 0 : f/ rqh kdv

Y

Y0

�
H d� E�

�
� �o � b EH dMEA ��

�
� o � &� n

]
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�
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�
� E/� � � � q

q
Ef

�
� � &�) � E/�

�
>E_/�

�

� � 
 �
' f�

Xvlqj wkh xqlirup lqwhjudelolw| zklfk lv d frqvhtxhqfh ri wkh u� lqwhjud0
elolw| zlwk R : 2/ rqh �qgv

H d�
�
E�

�
� � B � bMEA �Bo � � 
 � n

]
�

BE/�>E_/� ' fc

ru htxlydohqwo|/ iru doo B 5 u� � zlwk R : 2

H

�
B

�
�
�
E� �� � � bMEA � n

>E_/�

_� E/�
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' fc

wkhuhiruh doprvw vxuho|

� �� E/� ' U

�
bMEAc /� � >E_/�

_� E/�

�
� +58,

Iurp +58, dqg wkh frpsohphqwdulw| frqglwlrqv/ zh fdq glylgh wkh vhw l
lqwr wzr vxevhwv=

l, Iru / 5 l vxfk wkdw wkh jxdudqwhh lv vwulfwo| srvlwlyh/ l1h1 � � E/� :�
�
�

� Ef
�
� � &�) � E/�/ wkhq >E_/� ' f dqg

� � E/� ' U EbMEAc /�� �

ll, Iru / 5 l vxfk wkdw wkh jxdudqwhh lv }hur/ l1h1 � � E/� '
�
�
�

� Ef
�
� �

&�) � E/�/ wkhq

� � E/� ' U

�
bMEAc /� � >E_/�

_� E/�

�
: U EbMEAc /�� c

vlqfh >E�� lv d srvlwlyh phdvxuh dqg U lv ghfuhdvlqj1
Wkhvh wzr surshuwlhv duh htxlydohqw zlwk wkh iroorzlqj=
l, iru / 5 l vxfk wkdw U EbMEAc /�� :

�
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� Ef
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� � &�) � E/�/ l1h1

b 	
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q
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�
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�
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4;



wkhq � � E/� ' U EbMEAc /��>
ll, iru / 5 l vxfk wkdw U EbMEAc /�� 	

�
�
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� Ef
�
� � &�) � E/�/ l1h1

b :
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MEAc /�
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�
�
� � q

q
Ef

�
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�
c

wkhq

� � E/� ' U

�
bMEAc /� � >E_/�

_� E/�

�

'
� � q

q
Ef

�
� � &�) � E/�c

zklfk shuplwv wr frpsxwh doo ydoxhv ri >E��1
Lq frqfoxvlrq/ wkhuh h{lvwv d wkuhvkrog iru b vxfk wkdw

� �� ' U EbMEA �� � ��� �
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�
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zklfk jlyhv +53,1

Surri ri Ohppd 91

d, Lq rughu wr suryh wkh �uvw dvvhuwlrq/ zh frqvlghu gl�huhqw srvvleoh fdvhv
dqg zh fkhfn wkdw wkh surshuw| lv ixo�oohg lq doo fdvhv1

d1l, Iru / 5 l vxfk wkdw �
���
� E/� ' U Eb � MEAc /��/ zh kdyh

�
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�
�
�
� � q

q
Ef

�
� � &�) � E/�

�
: b � : b � c

wkhq �
� �
� E/� ' U Eb � MEAc /�� : U Eb � MEAc /�� ' �
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� E/�/ vlqfh wkh ixqfwlrq

UE�� lv ghfuhdvlqj1

d1ll, Iru / 5 l vxfk wkdw �
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� E/� '

�
�
�

� Ef
�
� � &�) � E/� ' �

� �
� E/� +lqgh0

shqghqw ri b, wkh vwdwhphqw lv reylrxv1

d1lll, Iru / 5 l vxfk wkdw �
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wkdw lv

U Eb � MEAc /�� :
� � q

q
Ef

�
� � &�) � E/� : U Eb � MEAc /�� c

zklfk jlyhv wkh uhvxow1

e, Zh qrz suryh wkh vhfrqg dvvhuwlrq e| frqvlghulqj wkh gl�huhqw srvvleoh
fdvhv=

e1l, Iru / 5 l vxfk wkdw �
� �
� E/� ' U EbMEAc /�� ' �

� �
� E/�/ wkh vwdwhphqw

lv reylrxv1

e1ll, Iru / 5 l vxfk wkdw
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wkh vwdwhphqw lv dovr wuxh1

e1lll, Iru / 5 l vxfk wkdw �
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U EbMEAc /��/ wkhq

b � �
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� � q

q
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�
� � & � �) � E/�

�
c

wkdw lv
�
�
�

� Ef
�
� � & � �) � E/� � U EbMEAc /��1

e1ly, Wkh odvw srvvlelolw|/ l1h1

�
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� E/� ' U EbMEAc /��

�
� �
� E/� '

� � q

q
Ef

�
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lpsolhv

� � q
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� � & � �) � E/� � U EbMEAc /�� � � � q

q
Ef

�
� � & � �) � E/�

wkdw lv & � � & � / zklfk lv d frqwudglfwlrq1

Surri ri Sursrvlwlrq ;1
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l, Iru / 5 l vxfk wkdw C
�
� E/� ' f dqg C

�
� E/� � f/ wkh vwdwhphqw lv

reylrxv1

ll, Iru / 5 l vxfk wkdw

C
�
� E/� ' U Eb � MEAc /�� � � � q

q
Ef
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C
�
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q
Ef

�
� � & � �) � E/�c

vlqfh b � : b � e| Fruroodu| :/ wkhq U Eb � MEAc /�� 	 U Eb � MEAc /��/ dqg wkh
vwdwhphqw iroorzv e| frpsdulqj whup e| whup1

lll, Wkh odvw srvvlelolw|/ l1h1 C
�
� E/� : f dqg C

�
� E/� ' f fdqqrw kdsshq

zlwk srvlwlyh suredelolw|1 Lq idfw/ lw vkrxog eh b � 	
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�
�

� Ef
�
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�
/ exw vlqfh b � : b � / wklv lpsolhv & � 	 & � /

d frqwudglfwlrq1

Surri ri Ohppd <1

Ohw xv �uvw lqwurgxfh wkh sdudphwhu q jlyhq e|

q '
� � q

q
+59,

dqg �
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l, Iru / 5 l vxfk wkdw �
� �
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lv reylrxv1
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� E/� vlqfh qEq� lv ghfuhdvlqj/ dqg wkxv dovr �

� �
� E/ � � :

�
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� E/ � �1

lll, Iru / 5 l vxfk wkdw �
� �
� E/� ' U EbMEAc /�� dqg�

� �
� E/� ' q � Ef

�
� � &�) � E/�/

iurp +53, lw iroorzv

�
� �
� E/� ' U EbMEAc /�� : q � Ef

�
� � &�) � E/�c

U EbMEAc /�� 	 q � Ef
�
� � &�) � E/� ' �

� �
� E/�c
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zklfk ohdgv wr q � : q � / d frqwudglfwlrq1

ly, Iru / 5 l vxfk wkdw �
� �
� E/� ' q � Ef

�
� � &�) � E/� dqg �

� �
� E/� '

U EbMEAc /��/ zh kdyh U EbMEAc /�� 	 q � Ef
�
� � &�) � E/�/ dqg wkh surri lv

frpsohwh1

Surri ri Sursrvlwlrq 441

Zh vxssrvh wkxv wkdw q � : q � / zkhuh q lv jlyhq e| +59,/ dqg zkhuh zh

ghqrwh dovr C
� �
� ' C

� �
� 1

l, Iru / 5 l vxfk wkdw C
� �
� E/� ' f dqg C

� �
� E/� � f/ wkh vwdwhphqw lv

reylrxv1

ll, Iru / 5 l vxfk wkdw

C
� �
� E/� ' U Eb � MEAc /�� � q � Ef

�
� � &�) � E/�

C
� �
� E/� ' U Eb � MEAc /�� � q � Ef

�
� � &�) � E/�c

vlqfh b � : b � / wkhq U Eb � MEAc /�� 	 U Eb � MEAc /��/ dqg wkh vwdwhphqw iroorzv
e| frpsdulqj whup e| whup1

lll, Wkh odvw srvvlelolw|/ l1h1 C
� �
� E/� : f dqg C

� �
� E/� ' f fdqqrw kdsshq

zlwk srvlwlyh suredelolw|1 Lq idfw/ lw vkrxog eh

q � Ef
�
� � &�) � E/� 	 U Eb � MEAc /��

q � Ef
�
� � &�) � E/� A U Eb � MEAc /��

dqg b � : b � / wkhq q � : q � / d frqwudglfwlrq1

Surri ri Sursrvlwlrq 451

Zh kdyh wr �qg b lq +54,/ l1h1 zh kdyh wr vroyh
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vr wkdw wkh suhylrxv htxdwlrq fdq eh zulwwhq dv iroorzv=
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Qrz/ li zh soxj +5;, lqwr +53, zh rewdlq +56,1

Qrz/ ohw xv frqvlghu wkh fdvh zlwk frqvwdqw pdunhw sdudphwhuv1 Iurp
+4,/ lw uhvxowv
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Surri ri Sursrvlwlrq 461

Li pdunhw sdudphwhuv duh frqvwdqw/ MEA � lv orj0qrupdoo| glvwulexwhg=
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^4` Edmhx{0Ehvqdlqrx/ L1/ Mrugdq/ M1 Y1/ Sruwdlw/ U1 4<<;1 G|qdplf Dvvhw
Doorfdwlrq iru Vwrfnv/ Erqgv dqg Fdvk ryhu Orqj Krul}rqv1 Suhvhqwhg dw
wkh 4<<; Vrxwkhuq Ilqdqfh Dvvrfldwlrq frqihuhqfh dqg dw wkh Rfwrehu
4<<; Edfkholhu Vhplqdu lq Sdulv1

^5` Erxolhu/ M1 I1/ Kxdqj/ V1 M1/ Wdloodug/ J1/ 53341 Rswlpdo Pdqdjhphqw
Xqghu Vwrfkdvwlf Lqwhuhvw Udwhv= wkh Fdvh ri d Surwhfwhg Shqvlrq Ixqg1
Lqvxudqfh= Pdwkhpdwlfv dqg Hfrqrplfv 5;/ 4:604;<1
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^6` Gdylv/ H1 S1/ 4<<81 Shqvlrq ixqgv= uhwluhphqw0lqfrph vhfxulw| dqg fdsl0
wdo pdunhwv= dq lqwhuqdwlrqdo shuvshfwlyh1 +R{irug Xqlyhuvlw| Suhvv,1

^7` Ghhovwud/ J1/ Judvvhool/ P1/ Nrhko/ S1 I1/ 53331 Rswlpdo Lqyhvwphqw
Vwudwhjlhv lq d FLU Iudphzrun1 Mrxuqdo ri Dssolhg Suredelolw| 6:/ 40451

^8` Ghhovwud/ J1/ Judvvhool/ P1/ Nrhko/ S1 I1/ 53341 Rswlpdo Lqyhvwphqw
Vwudwhjlhv iru Gh�qhg Frqwulexwlrq Ixqgv1 Vxeplwwhg1

^9` Krovwurp/ E1/ Plojurp/ S1/ 4<;:1 Djjuhjdwlrq dqg Olqhdulw| lq wkh Sur0
ylvlrq ri Lqwhuwhpsrudo Lqfhqwlyhv1 Hfrqrphwulfd 88/ 636065;1

^:` Mhqvhq/ E1D1/ Vûuhqvhq/ F1/ 53341 Sd|lqj iru plqlpxp lqwhuhvw udwh jxdu0
dqwhhv= Zkr vkrxog frpshqvdwh zkrB Hxurshdq Ilqdqfldo Pdqdjhphqw
: qr1 5/ 4;605441

^;` Ndudw}dv/ L1/ Vkuhyh/ V1/ 4<<31 EurzqldqPrwlrq dqg Vwrfkdvwlf Fdofxoxv1
+Vsulqjhu Yhuodj,1

^<` Phuwrq/ U1/ 4<<51 Frqwlqxrxv Wlph Ilqdqfh1 +Eodfnzhoo,1

^43` Ydvl
fhn/ R1 D1/ 4<::1 Dq Htxloleulxp Fkdudfwhul}dwlrq ri wkh Whup
Vwuxfwxuh1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 8/ 4::04;;1
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